An invitation to sequential Monte Carlo
samplers: supplementary materials
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S1 Particle filters and SMC samplers

General SMC method. To elucidate the connections between particle filters and SMCS,
we show here that these two algorithms are specific cases of a general SMC method that

approximates a sequence of target distributions (7). Each target distribution
#i(dzo) = Fu(w0:)do/ Zy (S1.1)

is defined on the product space (X', 271), where J;(x¢.) is an unnormalized density and
Z, = Jxeesr Ye(@o:)doy is a normalizing constant (with Zy=1).

The general SMC method described in Algorithm S1 combines sequential importance
sampling and resampling. As input, it requires a sequence of proposal kernels (g;) on

(X, Z"). At step t, this defines the proposal distribution

t

G (dzoy) = 7o(dao) [ [ go(wems, dazy). (S1.2)

s=1
The weight function can be written as

t

@t(xo:t) = ’~Yt($0:t)/q~t($0:t) = H’ws(iUo:s), (Sl-3>

s=1

where the incremental weight function is

;)//t<x0:t)
’?t—l(fﬂozt_l)qt(gjt_hxt)' (Sl4)

wt(ﬂUo:t) =

Representing the target distribution as

wi(dzoy) = [ [ wel@os)di(dros)/ 2, (S1.5)

s=1
allows us to adopt the Feynman—Kac formalism introduced by Del Moral (2004, 2013),

where (w;) are seen as potential functions that reassign the probability mass of §; to obtain
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7y, and the marginal distributions 7,(dz;) = fxt 7i(dxoy) are referred to as (updated)
Feynman-Kac models. As output, the algorithm returns weighted particles (wy, z{,)nen
approximating 7; as N — oo, and an unbiased estimator ZtN of Z, which is consistent as

N — 0.

Algorithm S1 General sequential Monte Carlo method

Input: sequence of distributions (7;), proposal Markov kernels (¢;), resampling

distribution 7(-|w*") on [N]¥ where w'¥" is an N-vector of probabilities.
1. Initialization.
(a) Sample particle xj from 7o(-) for n € [IN] independently.
(b) Set w = N~ for n € [N].
2. For t € [T, iterate the following steps.
(a) Sample ancestor indices (a" ;)nen from r(-|w/ ),
and define @, ; = xgi‘_ll for n € [N].
(b) Sample particle =} ~ ¢, (Z} 4, -) and set zf, = (Z{,_1, 2}) for n € [V].

(¢) Compute weights wy(z{,) for n € [N], and set w}' o< wy(xy,) such that

Done Wi = 1.

Output: weighted particles (w}, 23 )ne[n) approximating ,, and estimator

ZN =T, N! D onev) Ws(@g) of Z, for t € [T].

S3



Particle filters. We now introduce state space models which are also known as hidden
Markov models. Consider a latent Markov chain (x;);>0 defined on (X, .27), initialized
as ro ~ mo and evolving for each time step t > 1 according to a Markov kernel f, i.e.
x|z ~ f(x4-1,+). We assume access to Y-valued observations (y;);>1 that are modelled
as conditionally independent given (z;):>0, with observation density g on (Y, %), i.e. y;|x; ~
g(@e, ).

Given observations collected up to time ¢, sequential state inference is based on the
posterior distribution

p(de:t)p(ylzt‘xO:t)
p(yl:t)

p(dajO:t’yl:t) == 5 (816)

where the joint distribution of the states is p(dzo.) = mo(dwo) [['y f(2s1,dxs) and the
conditional likelihood of the observations is p(y1.|zo.) = Hi:l g(xs,ys). We will also be
interested in the marginal likelihood p(yy.;) = fxt 1 p(dxoy, y1.4) when there are unknown
parameters in the model to be inferred. From (S1.6), we can derive other quantities of inter-
est such as the filtering distribution p(dz|y;.¢), defined as the last marginal of p(dzo.|y1.¢),
and the state predictive distribution p(dai1|y1s) = [y f(@¢, dzeer)p(dae|yre). Particle fil-
ters can be understood as specific cases of SMC methods to sequentially approximate the
posterior distribution 7y(dzo) = p(dzo.|y1.) (with 7o = my) and the marginal likelihood

Z; = p(y14). In this setting, the incremental weight function in (S1.4) reduces to

(w1, ) g(e, ye)
@ (Te—1, 2¢) .

(S1.7)

wt(xt—la It) =

Different choices of proposal kernels (g;) give rise to distinct SMC methods. For example,
the bootstrap particle filter of Gordon et al. (1993) corresponds to Algorithm S1 with

qi(xi—1,dxy) = f(x-1,dxy) and wy(xy) = g(zy, y;) for all .
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SMC samplers. We now cast SMCS presented in this article as specific cases of SMC
methods. Given a sequence of target distributions (m;) and backward Markov kernels (L;)
on (X, Z"), the target distribution in (S1.1) is

t

#i(daoy) = m(day) [ [ Leoi (@, day), (S1.8)

s=1
with 7o = mo. Note that (S1.8) has m; as the marginal distribution on z; and the normalizing
constant is Z; = Z,. In this case, the proposal kernels (g¢) correspond to the forward kernels
(M) defined on (X, Z") and the incremental weight function (S1.4) reduces to the weight
function in (2.1).

Under these settings, one can check that Algorithm S1 recovers the generic SMCS
described in Algorithm 1, with the exception that we only keep track of the particles
approximating the target distribution at each step. The latter is sufficient due to the sim-
plified form of the weight function (2.1) and the fact that only the terminal time marginal
distribution of (S1.8) is of interest.

In summary, we see that particle filters and SMCS are instances of SMC methods
that approximate different sequences of target distributions (7;), defined by either the
specificity of the problem in (S1.6) or algorithmic choices in (S1.8) via the specification
of backward kernels. The terminal time marginal distribution 7;(dx;) and normalizing
constant Z, represent the filtering distribution p(da|y;.;) and marginal likelihood p(y1.) in
particle filtering, and a target distribution m(dz;) and its associated normalizing constant
Z for SMCS. The proposal kernel ¢; corresponds to the state transition f in the case of a
bootstrap particle filter and the forward Markov kernel M; in SMCS.
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S2 Unadjusted Hamiltonian Monte Carlo moves

As an alternative to the unadjusted Langevin moves described in Section 2.3, we can
consider kernels constructed using Hamiltonian dynamics (Duane et al. 1987) that target
7 (dwy, dvy) = mi(da) N (dvg; 0,9Q) for (z4,v;) € R? x R Here z; are the original states, v;
are auxiliary variables and © € R%“ denotes a “mass matrix”. Given a sample z,_; from
71 at step t — 1, we sample v;_1 ~ N (0,9), so that the pair (z;_1,v;_1) follows 7;_;. We
define the initial position ¢(0) = x;_; and initial momentum p(0) = v;_; of a fictitious object
undergoing Hamiltonian dynamics, with Hamiltonian function H;(q,p) = —logm(q) +
p' Q7 p/2. The associated dynamics is commonly discretized using the leap-frog integrator,
with a step size € > 0 and a number of steps m € N, yielding a trajectory (q(¢),p(¢)) for
¢=1,...,m. Finally, we set x; = ¢(m) and v; = p(m). We write the composition of leap-
frog iterations as ®¢(¢(0),p(0)) = (¢(¢),p(¢)) for £ € [m]. The transition from (x; 1,v; ;)
to (zy,v;) defines a deterministic forward kernel M, namely a Dirac mass on ®*(x;_1,v;_1).

As the Hamiltonian is not conserved exactly under time-discretization, M; is not -
invariant. It is again possible to correct the discretization error using importance sampling
to target m;(dx;,dv,) with proposal ¢ (dzy, dvy) = (711 #P")(dxy, dvy). The # notation
refers to the push-forward operator, so that (7;_1#®}") is the measure obtained by sampling
from 7, and applying the map ®}". Using reversibility and volume preservation properties
of @, the proposal density can be computed using change of variables, i.e. ¢/(x;,v;) =
Te_1(xs_1,v:_1) where (741, v;1) = (D7)~ (x4, v;) is obtained using the inverse map. The
resulting importance weight is

(@, vy) _ exp(—Hy(x¢,v1))
Te1(Te1,v-1)  exp(—Hi1(w-1,v1))’

(S2.1)

wt<$t—17vt—laxtavt) 0.8
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which corresponds to the choice of backward kernel
L1 (x4, ve), dwe—y, dvg—q) = 5(@?)*1(xt,vt)(dxt—l7 dvi_1). (S2.2)

The above arguments and related ideas can be found in Jarzynski (2000), Neal (2005),
Scholl-Paschinger & Dellago (2006), and have been recently employed in variational in-
ference frameworks to tune algorithmic parameters (Geffner & Domke 2021, Zhang et al.
2021).

We now discuss some extensions of the above framework. Firstly, one could replace
®7" with other reversible and volume-preserving maps. Secondly, we can consider several
iterations of momentum refreshment and leap-frog integration, i.e. initializing at z;o =
xi—1, we would sample 0,1 ~ N(0,9Q) and set (z4;,v;) = P (w441, 01,-1) for i € [1].
One could also benefit from partial momentum refreshment (Horowitz 1991) by updating
Uy with an autoregressive process that leaves N (0, Q) invariant. In contrast to compositions
of m-invariant kernels that do not affect importance weights, we have to modify (S2.1) to
account for the additional iterations. Thirdly, in the spirit of the work by Neal (1994),
Nishimura & Dunson (2018) for HMC and Dau & Chopin (2022) for SMC, we can use all
iterates in the leap-frog integrator instead of only the terminal ones, by considering all the
proposals ¢t (dwzy, dvy) = (7;_1#®%)(dxy, dvy) for all £ € [m] when forming an importance
sampling approximation of 7;(dxy, dv;). In Algorithm 1, one would have N x m instead of
N samples to consider in Steps 2(b) and 2(c); the resampling operation in Step 2(a) would
then select N particles among the N x m weighted samples. Since the use of multiple
proposals within importance sampling is consistent in the limit of the number of samples,

it follows that the resulting SMCS will also be consistent as N — oo.
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S3 Numerical experiments on Gaussians

We consider numerical experiments on Normal distributions in varying dimensions d. We
set mo(dz) = N(z; po, Xo)dx with oy = (1,...,1), Xy = diag(0.5,...,0.5) and 7(dz) =
N (x; p, X)dx with = (0,...,0), ¥ = diag(1,...,1). Despite the simple setup, standard
importance sampling would give rise to estimators with infinite variance. We consider a
geometric path of distributions, all of which are Normal. For each t € [T], we employ a ;-
invariant HMC kernel for M,, with step size ¢ = d~%/* and m = [d'/*] leap-frog steps. The
“mass matrix” (2 is taken as diagonal and adapted using the empirical marginal precisions
computed from the particle approximations. The backward kernel L;_; is taken as the time
reversal of M;. All simulations employ multinomial resampling.

Figure Sla shows the number of bridging distributions 7' obtained using the adaptive
strategy in Section 2.4, with an ESS threshold of x = 0.5. The two lines correspond
to having N = 256 (“fixed N”) and N = 256 + 8d (“linear N”) number of particles.
The resulting T" appears to increase sub-linearly with d in both regimes. We introduce a
setup referred to as “fixed N & d steps” in the plots, where N = 256 and T' = d; thus
inserting more intermediate distributions than required for controlling the ESS. In this
setup, (A¢)iejr) was determined by interpolating between the inverse temperatures obtained
from an adaptive SMCS run. The interpolation was performed using the cobs package in
R (Ng & Maechler 2007), which allows one to fit splines constrained to be monotonically
increasing. In the “fixed N & d steps” setup, once the sequence (M;)ic[r) is obtained, we
run SMCS with adaptive tuning of the MCMC kernels, we store all quantities required to
define these kernels and we re-run SMCS with these kernels fixed. That last run generates
unbiased estimators of Z. Implementation details can be followed in the accompanying R

scripts.
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Figure S1: Normal example of Section S3. Number of distributions 7" chosen by an adaptive
SMCS (left). Number of roots in the genealogical trees, in different regimes (right). Plots

are obtained by averaging 100 independent repeats.

To compare the three setups and also illustrate some of the discussion in Section 4 of
the article, we consider the number of “roots” or unique ancestors in the genealogical trees
of the particle systems and plot its average over repeated runs against dimension in Figure
S1b. We observe that the number of roots at the terminal time decreases in the “fixed N”
regime. However, it appears stable when either N increases linearly with d in the adaptive
SMCS, or when T scales linearly with d for fixed N. This suggests that the sampler is
stable with d in these two regimes, where either the number of particles or the number of
intermediate steps increases adequately.

We investigate these regimes further using common measures of Monte Carlo error in
Figure S2, such as the mean squared error (MSE) associated with the SMCS estimator
of E;[X] = [, am(dx) (averaged over all components in Figure S2a). The MSE appears

stable in all regimes and even decreases when NN increases with d. Figure S2b displays
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Figure S2: Normal example of Section S3. MSE for estimator of E,[X] (left) and variance of
log Z& (right) with increasing dimension. Plots are obtained by averaging 100 independent

repeats.

the variance of the logarithm of the normalizing constant estimator Z& against dimension,
which appears to increase with d for “fixed N”, but looks stable in the other two regimes,
matching the behaviour of the number of roots in Figure S1b. These results confirm
that SMCS can indeed deliver a stable accuracy for a polynomial cost as the dimension d

increases, in settings where importance sampling would fail.

S4 Details concerning the experiments of the article

We provide the implementation details of SMCS that was used to generate the figures in
Section 5 of the article. The problem settings are summarized in Table S1.
To obtain Figures 2a-2b we proceeded as follows. We assimilate the data in batches of

size 10, and we introduce intermediate distributions using a geometric path between succes-
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sive partial posteriors p(dB|z1.106 Y1:106) and p(dB|x1.10¢+1), Y1:10(t+1)), With the convention
that p(dB|x1.10t, Y1.10¢) is p(dB) (the prior distribution) for t = 0. Each SMCS run employs
N = 1024 particles, an ESS threshold of xk = 0.5 to determine intermediate distributions
between two partial posteriors, and 2 HMC iterations per move step with ¢ = 0.3 x d~/*
and [e7!] leap-frog steps. Backward kernels are taken as time reversals of the forward
kernels, and multinomial resampling was employed.

To obtain Figures 2c-2d we proceeded similarly but with batches of data of size 100.
Tuning choices was otherwise identical to the above description.

Moving on to Section 5.2, we employed Stan (Carpenter et al. 2017) to obtain evalua-
tions of the target density and its gradient. The function integrate_ode _rk45 of Stan was
used to solve the SIR ordinary differential equation. To obtain the partial posteriors shown
in Figures 3c-3d we first ran a basic MCMC algorithm targeting the posterior distribution
given the first three observations. Specifically we employed a Metropolis—Rosenbluth—
Teller-Hastings algorithm with Normal random walk proposals, using a covariance matrix
adapted during initial runs, and using a diagonal matrix with entries 0.01 in the very first
run, along with the starting state logy = —1, log 8 = 1, log ¢,y = —1. We then calibrated
a 3-dimensional Normal distribution using the mean and variance of the MCMC samples,

to define my. Specifically we obtained

—0.97 1.59 0.25 0.16
mo(log vy, log 3,108 Giny) = N 0.49 |,10.25 006 0.04] |,
~2.6 0.16 0.04 1.08

for the transformed parameters (log~,log 3,log ¢iny). We employed geometric paths in-
terpolating between 7y and the posterior distribution given three observations, and then

between successive partial posteriors, assimilating observations one by one. We ran SMCS
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Data set

Model

Parameters

Prior distribution

Target distribution 7

Normalizing constant Z

Section 5.1

Section 5.2

Forest cover type data set
with covariates © = (x1,...,Zm)

and cover type y = (Y1, ..,Ym)

Logistic regression model

p(ylz, B) = [17%, Blyi; (1 + exp(—z] 8))71)

[ contains regression coefficients

P(8) =TT, N (830, 10)
Posterior distribution 7(8) = p(B|z,y)

Marginal likelihood Z = p(y|z)

English boarding school data set
with daily counts y = (y1,...,ym)
of pupils confined to bed

Deterministic SIR model (St, I, Rt)iZio
p(y|t07 9) = H;il NB(yt; Itv ¢inv)

0 = (v, B, ¢inv) contains infection rate,

recovery rate and dispersion

p(0) = TN (7;0.4,0.5*) TN (B; 2, 1)€ (dinv3 5)

Posterior distribution 7(0) = p(0|to, y)

Marginal likelihood Z(to) = p(y|to)

Table S1: Summary of examples in Section 5 of the article. B denotes the Bernoulli distri-

bution, N'B the Negative Binomial distribution, 7N the Truncated Normal distribution

with support on R, and & the exponential distribution.

with N = 512 particles, ESS threshold of k = 0.5, 2 HMC iterations per move step, with

stepsize of e = 0.1 and 10 leap-frog steps. Each backward kernel was set as the time reversal

of the associated forward kernel. Multinomial resampling was employed.

To obtain the marginal likelihood plot in Figure 3b, we employed SMCS using the

path of partial posteriors, with geometric paths interpolating between successive partial

posteriors, and started from my, exactly as described above. The only difference is that

we used N = 4096 particles and 3 HMC iterations per move step, resulting in a smaller

variation across 5 independent runs.
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S5 Logistic regression: different paths

We consider the logistic regression example described in Section 5.1 of the article, and
mentioned also in Section 2.2. We used N = 1024 particles and an ESS threshold of
k = 0.5. Using the first m = 1000 rows of the data, Figure S3 shows the mean and variance
of the d = 11 components of 5 for three paths of distributions: a geometric path (S3a), a
path of partial posteriors where observations are assimilated in batches of size 10 (S3b), and
a path of “least coding effort” using the Pélya-Gamma Gibbs sampler (S3c) with scaled
covariates Mz and A; € [0,1]. HMC moves were employed for the first two paths, with
stepsize ¢ = 0.3 x d~/4, [e71] leap-frog steps, and 10 independent repeats are shown. In
all cases, we set the backward kernels to be the time reversal of the corresponding forward
kernels, and employed multinomial resampling for all simulations. The three paths start

and end at the same distributions but the intermediate distributions are visibly different.

S6 Partial posterior averaged over orderings

We illustrate the usefulness of unbiased estimators in the setting of logistic regression, as in
Section 5.1 of the article. As described in Middleton et al. (2019), unbiased estimators can
be generically obtained from SMCS through the coupling of an MCMC scheme proposed
in Andrieu et al. (2010), known as “particle independent Metropolis—Hastings” (PIMH).
Suppose that one of the covariates in the regression is actually a random draw from
another model, as in two-step estimation (Murphy & Topel 2002), and that we want to
propagate that uncertainty onto the posterior. In the Bayesian terminology, this could
lead to a “cut distribution” (Plummer 2015). The same computational challenge occurs

when some data are missing and multiple imputation is performed (Rubin 1996), or in
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Figure S3: Three paths of distributions connecting the prior to the posterior in a logistic
regression example described in Section 5.1 of the article, represented by lines in the mean-

variance plane, for each component and 10 independent runs.

the context of propensity scores (Zigler & Dominici 2014), or when bagging posteriors
(Bithlmann 2014). All these cases are instances of the generic question of approximating
w(dz) = [ w(dz|n)g(dn), where we can sample from 7 ~ ¢ and design a Monte Carlo method
to approximate the conditional distribution 7(dx|n). With unbiased approximations of
m(dz|n) for any n ~ g, we obtain an unbiased approximation of 7(dx) itself.

Here we consider a variant of the path of partial posteriors for logistic regression,
Tm(dB) = p(dB|T1.m, y1.m) given m observations. This path usually depends on a spe-
cific ordering of the observations. As an alternative we consider the posterior distribution
averaged over orderings, 5, (dB) = (m!)™' 3", p(dB|Te:m)s Yo(:m)) Where o(1:m) denotes

the first m elements of a permutation of the entire data set. To obtain unbiased estima-
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tors, we sample m observations from the data set at random without replacement, and run
coupled PIMH chains (Middleton et al. 2019) targeting p(dB|2s(1:m)s Yo(1:m)) using SMCS
with N = 128 particles as proposals. Each SMCS run employs HMC moves with stepsize
e = 0.3 x d'/* and 3 leap-frog steps. The schedule and the mass matrices are obtained
using an initial run of adaptive SMCS on a data set of the same size m, and these tuning
parameters are then fixed in the generation of unbiased estimators. Indeed the use of adap-
tive techniques would jeopardize the lack-of-bias property of Z& and thus could change the
target distribution of the PIMH kernels. We compute R = 1000 independent unbiased esti-
mators for each m, and use empirical averages to approximate 7%, (df). Figure S4 illustrates
the evolution of the means and variances of 5 as m increases. These distributions can be
interpreted as the posterior distributions given m randomly chosen observations from the

data set, as opposed to conditioning on the first m observations in an arbitrary order.

S7 Laplace approximations to initialize SMCS

Bayesian asymptotics provide useful strategies for Monte Carlo computation. For example,
we can use a Laplace approximation of the posterior as initial distribution 7y, i.e. a Normal
distribution centered at the maximum likelihood estimate (MLE) and with covariance given
by the inverse of the information matrix at the MLE (e.g. Chopin & Ridgway 2017).

In the context of Section 5.1, Figure Sba shows that the approximation is extremely
accurate when the number of observations m is large and leads to very high effective sample
sizes in a single step of importance sampling. Here SMCS employs N = 1024 particles, an
ESS threshold of x = 0.5 and HMC moves, with step size € = 0.3 x d~*/* and [¢7!] leap-

frog steps. The relative variance of Z¥ is close to zero for data sizes above m = 10*. Thus

S15



10.0y

%
i 1
Ly
10 "
§ &
©
‘= 5 #" il
) . @
> % e 4
v
]
0.1
. ]
) R
4
» e } Xy
L]
-1 0 1
mean

# obs [
0 500

Figure S4: Logistic regression with forest cover type data. Path of partial posteriors
averaged over orderings of the data. The ten realizations are obtained by non-parametric

bootstrap from R = 1000 independent unbiased estimators.

SMCS that employ the ESS criterion to select the next inverse temperature would default
back to plain importance sampling. Figure S5b shows the estimates of log Z divided by the
number of observations m; ten repeats are overlaid but the accuracy is such that they are
indistinguishable. Some effects of Bayesian asymptotics on the performance of SMCS are
studied in Chopin (2002), samplers for tall data settings are proposed in Gunawan et al.

(2020), and approximate samplers for sequential inference in Gerber & Douc (2020).
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