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1 Preliminary results

A sequence of probability measures (fi,,)n>1 is said to converge weakly in P,()) to p as n — oo if p, = p, ie.
converges weakly in the usual sense, and there exists yo € ) such that fy oy, yo)Pdpn(y) — fy (Y, yo)Pdu(y).
Recall that ) is a subset of R for d > 1.

Theorem 1.1. The p-Wasserstein distance metrizes weak convergence in P, (Y): a sequence p,, converges weakly to
1inPy(Y) if and only if Wy(pins 1) = 0.

For a proof, see Villani (2008, Theorem 6.9). From this result one can deduce the continuity of the p-Wasserstein
distance. If p, and v, converge weakly in P,(Y) to u and v, then W, (n,vn) — W,(u,v). On the other
hand, if u, and v, converge weakly in the usual sense, the Wasserstein distance is only lower semicontinuous:
liminf, oo Wy(tbn, vn) > Wp(p,v). The following lemma is extended from Bassetti et al. (2006). Its second
condition corresponds to Assumption 2.2, and is implied by the first condition. All limits in the lemma are understood
to be as n — oo.

Lemma 1.1. Let (0,,)n>1 be a sequence in H and 6 € H. Suppose that either of the following conditions holds.
1. p3(0,,0) — 0implies that W,,(se,, , pe) — 0.
2. pu(0n,0) — 0 implies that g, = .
Then, respectively,
1. H x Py(Y) 3 (6, 1) — Wy(ug, ) is continuous.
2. HxP(Y) 3 (0,n) = Wy(ug, ) is lower semicontinuous.

Proof. This follows directly from the two assumptions and the continuity/lower semicontinuity derived from Theorem
1.1. O

Lemma 1.2. The function (v, /™)) v EW, (v, fi,,,) is lower semicontinuous with respect to weak convergence. Fur-

(m) (m)

thermore, if p3((0r, 0) — 0 implies that py ~ = iy, then the map (v, 0) — EW, (v, fig,m) is lower semicontinuous.
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Proof. Let ,ug")

fiks,m = flm almost surely.

= (™ and v, = v. Then there exist versions of the corresponding empirical measures such that

Indeed, by Skorokhod’s representation theorem, there exists a probability space (]I~”, Q, f}) and random variables
X%:m ~ u,gm) and X1 ~ p™) such that Xé:m — XU™ P-almost surely. Let fi ., and fi,, be the empirical
distributions of these samples. By Varadarajan (1958b) and since ) is separable, there exists a fixed countable subset
C* of continuous and bounded functions on Y, such that for any sequence of measures p,, € P()), p, converges
weakly to 4 if and only if [ fdu,, — [ fdu forall f € C*. Fix one such f. Then,

m

[ i = 320K 231 = [ gain

on a set of ]f”-probability one, by the continuous mapping theorem. Taking the countable intersection of these sets over
f e C*, we getthat iy, = fim P-almost surely.
By the lower semicontinuity of the p-Wasserstein distance and Fatou’s lemma,

EW, (v, ftm) < Elikm inf Wy (Vk, fike.m) < likm inf EW, (v, fuk,m)-
—o0 —o0

The lower semicontinuity of (v, 8) — EW, (v, fig.,,) is proved analogously to Lemma 1.1. O

2 MWE

2.1 Existence, measurability, and consistency

Assumption 2.1. The data-generating process is such that Wy (fin, i) — 0, P-almost surely as n — oo.

Assumption 2.2. The map 0 — g is continuous in the sense that p3(0,,,0) — 0 implies g, = 1o asn — oo.
For the next assumption, define ¢, = infgey Wy (1tx, 1to); we will use this definition throughout.

Assumption 2.3. For some € > 0, the set B, () = {0 € H : Wy (s, pro) < €« + €} is bounded.

Theorem 2.1 (Existence and consistency of the MWE). Under Assumptions 2.1-2.3, there exists a set E C Q with
P(E) = 1 such that, for all w € E, infgey Wy (fin(w), po) — infoey Wy (s, pio), and there exists n(w) such that,
for all n > n(w), the sets argmin g5y Wy (fin(w), ft6) are non-empty and form a bounded sequence with

lim sup argmin W, (fin(w), o) C argmin W, (i, o).
n— o0 0cH oeH

Before giving the proof, we recall a definition and a proposition.
Definition 2.1. A sequence of functions f,, : H — R is said to epi-converge to f : H — Rif forall § € H,

liminf, o fn(6n) > f(0) for every sequence 6,, — 0,

limsup,, ., fn(0n) < f(8) for some sequence ,, — 6.

A useful equivalent formulation of epi-convergence can be found in Proposition 7.29 of Rockafellar and Wets
(2009), paraphrased here.



Proposition 2.1 (Proposition 7.29 of Rockafellar and Wets (2009)). The sequence f,, : H — R epi-converges to
f:+H — Rifand only if

liminf, o infgex fn(6) > infocic f(0)  for every compact set K C H,
limsup,,_, . infgeo fn(0) < infgeo f(0) for every open set O C H.

In an colloquial sense, epi-convergence is a weak notion of convergence for which the minimizer of f,, converges
to the minimizer of f. Showing that the function 6 — W, ({i,,, f10) epi-converges to 8 — W, (fi«, ttg) almost surely is
the key step in the proof of Theorem 2.1.

Proof of Theorem 2.1. First note that, for any v € P()), the lower semicontinuity of the map § — W, (v, ug) follows
from Lemma 1.1, via Assumption 2.2. Since infgey W, (1ix, po) = €4, the set B, (&) with the & of Assumption 2.3
is non-empty, by definition of the infimum. Moreover, since 6 — W, (1, pto) is lower semicontinuous, the set B, (¢)
is closed. By Assumption 2.3, B,(e) is therefore compact. In other words, again by lower semicontinuity, the set
argmin gcq; Wo(1ix, te) is non-empty.

We now show that 0 +— W, (fin, ug) epi-converges to 8 — W, (u4, o) P-almost surely. Let E denote the
set of probability one from Assumption 2.1 and let w € E. Fix K C H compact. By lower semicontinuity of
0 — Wy (fin(w), o), we know that infoexc W, (i, (w), o) = Wp(ftn(w), pe,, ), for some sequence 6,, = 6,,(w) € K.
Hence,

lim i fnf W) (n (), i) = i inf W (in ), o, )

= klim Wy (fin, (W), pe,,, ) = subsequence converging to the lim inf,
—00
= lim W,(jin, (w),pe, ) 3 subsequencef,, — 6 ¢c K by compactness,
m— o0 m km m

= I}TILILlélof Wp(ﬂnkm (w)> /J'Gnkm )

> Wy (s, 1) by Ls.c., Assumptions 2.1 and 2.2 ,w € E,
> inf .

= Onel)C Wy (s, o)

Fix O C H open. By definition of the infimum, there exists a sequence ¢, € O such that W, (s, pg,,) —
infgeo Wy (s, f26). Now, infgeo W (fin(w), g) < Wy (fin(w), we,, ). Hence,

lim sup ng(fg Wy (fin (W), o) < limsup Wy (fin(w), pe., )

n—oo n—roo

< limsup Wy (fin (W), pis) + Wy (s, 116,)) by the triangle inequality,

n—oo

< limsup W, (fin (w), pix) + limsup W, (fix, pto,) by positivity,

n—oo n—oo

= lim sup W, (pt«, tte,,) by Assumption 2.1, w € E,

n—oo

= Glg(fg Wy (s, po) by definition of 6,,.

Using Proposition 2.1, the sequence of functions 6 — W, (fin(w), i) epi-converges to 6 — W, (1ix, ftg)-
Theorem 7.29b) of Rockafellar and Wets (2009) implies that

limsup inf W, (fin (W), o) < Inf W (s, ho) = .

n—oo



So, for all & > 0, there exists 1, (w), such that for n > n,(w), infaey Wy (fin(w), pg) < e+ + a. Let o € (0,¢/2).
The set {0 € H : Wy(fin(w), o) < 4 + £/2} is non-empty for n > n,(w), by definition of the infimum. Let 6
belong to this set. Then, by the triangle inequality, W, (14, tto) < Wop(fin(w), tix) + Wp(fin (w), 1e). By Assumption
2.1, there exists an n. (w) such that for n > n.(w), Wy (fin(w), pts) < €/2. So, if n > max{nq,(w), n-(w)}, we have
that W, (14, pt9) < e« + €. This means that {0 € H : Wy, (fin(w), po) < €4 +¢/2} C B, (e). As a consequence, for
n > max{ng (w), ne (W)}, infoer Wy (fin(w), o) = infoe g, () Wo (jin(w), po)-

By Theorem 7.31a) of Rockafellar and Wets (2009), this implies infgep W, (fin (w), o) — infoer Wy (1w, po)-
For n > max{n,(w), ne(w)} and by the same reasoning as for 6 — W, (1., ), the sets argmin ycqy W (fin (w), o)
are non-empty. By Theorem 7.31b) of Rockafellar and Wets (2009), the result follows. The same argument holds for
En-argmin goqy Wy (fin(w), po) with €,, — 0, since, eventually, infoecyy W (fin(w), po) + n < €4 + cu.

O

Theorem 2.2 (Measurability of the MWE). Suppose that H is a o-compact Borel measurable subset of R%. Under

Assumption 2.2, for anyn > 1 and € > 0, there exists a Borel measurable function 0, : Q — H that satisfies

B ) argmin gy Wy (fin (w), o), if this set is non-empty,
w) e
! e-argmin gy Wy (fin(w), o), otherwise.

Before the proof, we first recall a useful result from Brown and Purves (1973), also used in Bassetti et al. (2006).

Theorem 2.3 (Corollary 1 in Brown and Purves (1973)). Let X,Y be Polish, D CY x X be Borel, and f : D — R
be Borel measurable. Suppose that for all y € proj(D), the section D,, = {z : (y,x) € D} is o-compact and that
fy = fly,") is lower semicontinuous with respect to the relative topology on D,. Then

1. The sets G = proj(D) and I = {y € G : for some x € D, f(y,x) = inf f,} are Borel.

2. For each € > 0, there exists a Borel measurable function ¢. such that for y € G,

= inf f, ifyel.
f(y.0c(y)) § <e+inf fy ify ¢ L inf f, # —oc.

< —et ify ¢ I,inf f, = —oc.
Proof of Theorem 2.2. First note that Y*° endowed with the product topology is Polish since (), p) is Polish. Also,
fin(w) depends on w only through y = Y (w), where Y = (Y;);cz. We can therefore write fi,(w) = fi,,(y), where
y € Y, and consider the empirical measure a function on Y*°. The map y — fi,(y) is measurable with respect to
the Borel o-algebra on P,()) with respect to weak convergence. Recall also that (P,(Y),W,) is Polish since Y is
Polish by Theorem 6.18 of Villani (2008).

Let D = Y*° x H. By Lemma 1.1 and Assumption 2.2, the map (p, ) — W, (1, t9) is lower semicontinuous
(and therefore measurable). Hence the map 6 — Wy, (f1,(y), 1g) is also lower semicontinuous on # for any y € J°>°.
Being the composition of measurable functions, (y,8) — W, (fin(y), 1te) is measurable on D. In light of this, the
result follows by a direct application of Theorem 2.3.

O



2.2 Asymptotic distribution

Letp =1,Y = R, and p(z,y) = |x — y|. In this case we have W (u,v) = follFu_l(S) — F; Y (s)|ds = [lFu(t) —
F,(t)|dt, where F,, and F, denote the cumulative distribution functions (CDFs) of p and v respectively (see e.g.
Ambrosio et al., 2005, Theorem 6.0.2). For this reason, we will occasionally use the notation Wi (i, v) = ||F,, —
F,||L,. Assume also that  is endowed with a norm: py,(6,6’) = ||0 — 0'||3;. We recall results from del Barrio et al.
(1999) and Dede (2009), after a few definitions.

Definition 2.2. Suppose that the sequence 2 X R 3 (w,t) — X, (w,t) forall n, and @ x R 3 (w,t) — X (w,t), are
stochastic processes with almost all their sample paths in L; (R). Then X, is said to converge weakly to X in L;(R)
ifEf(X,,) — Ef(X) as n — oo for all bounded continuous functions f : L1 (R) — R.

Definition 2.3. The stochastic process @ xR 3 (w, t) — G, (w, t) is a p-Brownian bridge if it is a zero mean Gaussian
process with covariance function EG ,(s)G,(t) = min{F},(s), F,,(t)} — F.(s)F,.(t).

Theorem 2.4 (Theorem 2.1ain del Barrio etal. (1999)). LetY = (Y)icz ~ pS°, and define F, (w,t) = fin(w)(—00,1]
and F,(t) = ps(—00,t]. The stochastic process \/n(F,, — F,) converges weakly in L1(R) to G, where G, is a ji,-
Brownian bridge, if and only iffooo V(Y| > t)dt < .

For a stationary sequence, let &y = sup,,cg E|P(Y; < u|F° ) — P(Y; < u)|. Note that for stationary sequences,
a-mixing is weaker than o-mixing, as defined later in Section 4.

Theorem 2.5 (Proposition 3.5 in Dede (2009)). Suppose that Y = (Yy)icz is ergodic and stationary, and that

1 oo
> 7/ min{ /., VP(|Yo| > t)}dt < co.
1 vk Jo
Then /n(F,, — Fy) converges weakly in L1(R) to a zero mean Gaussian process G, with sample paths in L1(R) and

covariance satisfying: for every f,g € Lo (R),

Ef(G)g(Gy) = - f(s)g(u)C(s, u)dsdu,

where
C(s,u) = > {P(Xo < 5,X; < u) — Fo(s)Fu(u)} .
tez
Dede (2009) also provides other conditions, e.g. on ¢-mixing coefficients, for which the convergence above holds.
We first consider the well-specified setting, in which our results follow directly from Pollard (1980).
2.2.1 Well-specified setting

Suppose that p1, = pg, for some 6, in the interior of 7, and consider the following assumptions:

Assumption 2.4. For all € > 0, there exists § > 0 such that
Wi (e, , o) > 6.

inf
OEH:||0—0" || % >¢

Assumption 2.5. There exists a non-singular Dg, € (L1(R))% such that

/RIFo(t) — Fy, (t) = (0 = 0., Do, (1)) |dt = o(|0 — O4]|%0),



as |6 — 04|l — 0.
The following results contain Theorem 2.3 of the main text as a special case.

Theorem 2.6. Suppose that i, = g, for some 0, in the interior of H, and that the conditions of either Theorem 2.4
or Theorem 2.5 are satisfied. Under Assumptions 2.1-2.5, the goodness-of-fit statistic satisfies

Vit jof WG o) = inf, [ 1620 = {u Do, (O}l

as n — 0o, where Gy is given as in Theorem 2.4 or Theorem 2.5 respectively.

Theorem 2.7. Suppose that the conditions in Theorem 2.6 hold. Suppose also that the random map H > u —
JolGy(t) = (u, Do, (t))|dt has an almost surely unique infimum. Then the MWE of order I satisfies

Vn(6, —6,) = argmin /|G (u, Dy, ())]dt,
ueEH

as n — oo, where Gy is given as in Theorem 2.4 or Theorem 2.5.

Proof. The proofs of these two results follow the steps outlined in Pollard (1980)’s Theorems 4.2 and 7.2 respectively,
which also generalize to the setting where the map H > u — [;|G.(t) — (u, Dy, (t))|dt does not necessarily have
a unique minimum (see also Section 2.2.2 below). The delta methods employed therein hold for the 1-Wasserstein
distance due to the representation W, (u,v) = ||F, — F,||z,. Moreover, the well-separation of 6, provided by
Assumption 2.4, the consistency and measurability of the MWE proved earlier, and Theorems 2.4 and 2.5 proved in
del Barrio et al. (1999) and Dede (2009) respectively, guarantee that Pollard’s conditions are satisfied. Note that the
measurability concerns outlined in his Section 3 do not apply to here, as L1 (R) is separable.

O

2.2.2 Misspecified setting

To study the asymptotic distribution of the MWE in the misspecified setting, we adapt the arguments outlined in
Section 7 of Pollard (1980). Define f(z,u) = |z — (u, Dy, )|z, and m(x) = inf, f(z,u). Let K be the class
of all compact, convex, non-empty subsets of a set L, (R) equipped with its canonical distance. The corresponding
Hausdorff metric on K is defined by dp (K1, K3) = inf{0 > 0: K; C K3, Ko C K{}, where K° = U,cx{z €
M : ||z —z||L, <6} Let K(z,0) = {u: f(z,u) < m(z)+ B}. The function z — K (z, ) maps into K and, by
Pollard (1980, Lemma 7.1), is measurable. Let also H,, = \/n(F, — Fy,) = /n(F, — Fy) + v/n(F, — Fy,) and
H =G, + /n(F, — Fy,). Let M,, = {0 € H : Wi (fin, ptg) < info Wi (fin, o) +n~"/?n,}, where n,, > 0 is any
sequence such that 7,, = op(1) and M,, is non-empty. That is, M, is a set of approximate MWEs.
Consider the following assumption:

Assumption 2.6. There exists a neighborhood N of 0, and a constant c, > 0 such that for any 6 € N,

WI(MOHU/*) > WI(MGHM*) + C*He - 9*”7—[

In the well-specified setting, this condition follows from Assumption 2.5. The next result concerns the distribution

of the set M, as n becomes large.

Theorem 2.8. Suppose Assumptions 2.1-2.6 hold for some 0., in the interior of H, and that the conditions of either

Theorem 2.4 or Theorem 2.5 are satisfied. Then, there exist positive real numbers (3, — 0 such that



1. P, ({Mn co,+ n_1/2K(Hn, Bn)}) — 1 as n — oo, where P, denotes inner probability, and

2. if F,, and G, are versions of the processes such that \/n(F,, — F,) = G in L1(R) almost surely, then
du (K(H:{, 0), K(Hna ﬂn)) = O]P’(l)~

Since K (H},0) = argmin ,, |G« + /n(Fx — Fy, ) — (u, Dy, )|| 1, , one can interpret this result as saying that the
limit of the set of approximate MWEs M,, behaves distributionally like the limit of the sets 6, +n~'/2 argmin u NG+
Vn(Fy— Fp,) — (u, Dy, )1, in the Hausdorff metric sense. Note that the latter sequence does not depend on the data.
Since the assumptions guarantee that v/n(F,, — F,) — G, weakly in L, (R), there exist versions of these variables that
converge almost surely. For simplicity, we assume without loss of generality that these are the variable we work with.
As noted by Pollard (1980), establishing the measurability of the sets {M,, C 0, + n12K (Hy, Brn)} C Qs hard,
which is why the result is stated in terms of inner probability. See also Pollard (1980, pp. 67) for further comments on

the sequence 3,,.

Proof of Theorem 2.8. Let § € N, where N is the set from Assumption 2.6. By Assumption 2.4 and Pollard (1980,
Lemma 4.1) or the proof of Theorem 2.1, we know that the minimizers of || F,, — Fy||z, will be attained in N with
probability going to one. For § € N, we have that

|Ew — FollL, > ||Fx — Folln, — ||Fn — Fill, by the triangle inequality,
> ||Fy — Fo, ||, + cxll0 — 0xll3 — || Fro — Fillz, by Assumption 2.6,
> ||Fo — Fo, |z, + cxl|0 — 04|l — 2||F, — Fi|lL, by the triangle inequality.

Let &, = vn(4||F, — Fill, + 2nn)/cx and S, = {0 : /n]|0 — 0.|l% < &.}. Then, by the assumptions on
nn and \/n(F, — F,), we know that n=1/2¢, = op(1). If § € N NS¢, then by the inequality derived above,
|Ey, — Folln, > [1Fn — Fo,lln, + 2(||Fn, — Fillz, + 7n). Thus, with inner probability going to one, it has to be that
M, C S,.

Next, we approximate 6 — /n||F,, — Fy||r, with the convex map 6 — /n||F,, — Fy, — (6 — 04, Dy, )||1, over
the set S,,. First, note that Assumption 2.5 implies that the remainder Ry = Fy — Fy, — (6 — 0,, Dy, ) satisfies
IRollL, <110 — Okl - A(]|0 — 64]l3¢), where A is an increasing function such that A(t) = o(1) as t — 0. Define
Iy = supgeg, [VnllFn — FollL, — /0l Fn — Fo, — (0 — 04, Do, )|, |. We then have that

Ly = sup |/nl|[Fy — Fy, = (0 = 0., Do,) = RollL, — v/nl|F = Fo, — (0 = 0+, Dy, )|, |
0€Sn
< sup vV/n||Rgllz, Dby the triangle inequality,
0€Sn

< sup vnl|0 — 0,|l% - A(||0 — 04|l3) by Assumption 2.5,
0eSn

<&A (j%) = op(1) by the definitions of S,, and &,.

In other words, we have uniform control over the difference between 6 — +/n||F,, — Fy||r, and its convex approx-
imation over S,,. Moreover, the map 0 — /n||F, — Fy, — (6 — 0., Dy, )| 1, also attains its minimum on S,, with
probability going to one, since for § € N such that A(]|0 — 6,]|%) < ci/2,

[En=Fp, = (0 = 0., Do, )L, = [|Fn — Fo + Roll,
> ||Fn — FollL, — ||Rollz, Dy the triangle inequality,



> | = Fo, |z, + el = Oullse = 20 Fn — Fullz, — 160 = O[3 - A6 = 64[3) by Ass. 2.6, tri. ineq.,

1
2 ||Fn = Fo. |z, + 564110 = Oxllae = 201 Fn — Eillz, -

Hence, if 0 € N N SS and A(||0 — 0,]|l%) < ¢i/2, then ||F,, — Fylln, > |Fn — Fo, |z, + 0 = ||Fn — Fo, —
(0, Do, )|, + Nn- In other words, m(H,,) = inf,er, f(Hy,u) with probability going to one, where we have used
the reparameterization L,, = {u : u = \/n(f — 6,),0 € S,,}, or equivalently S,, = 6, +n~/2L,,.

Now, since I';, = op(1), we can find a sequence of positive real numbers ~,, — 0 such that P(T',, < ~,,) — 1.
Similarly, we can find 6,, > 0 and «,, > 0 such that P(n, < ¢,) — 1 and P(||H, — H}||L, < ap,) — 1. Define
Bn = max{2vy, + 0, 2a,}. Let 7 be such that 7 € L,, and 6, + n~Y2r € M, and suppose that I';, < ~,, and
Nn < &,,. By combining the approximations developed above, we have that

m(Hn) > ulenlt: \/ﬁ”Fn - F9*+n_1/2uHL1 — Tn

> \/ﬁ”Fn - F0*+n*1/27HL1 — Yn — 5n

Since 27, + ., < By, we have that 7 € K(H,,, /3,,). This proves the first part of the theorem, as the events considered
above all hold with (inner) probability going to one.

By the triangle inequality, w € K (H},0) implies that w € K(H,, 2||H, — H}||z, ). Hence, with probability going
to one, K(H},0) C K(H,, (3,). Similarly, w € K(H,, ) implies that w € K(H}, 5, + 2||H, — H}||L,)- Recall
that 3,, + 2||H,, — H||L, — 0 almost surely. Let E C § denote the set on which this occurs. Then, for every every
§ > 0, there exists n(w) such that for n > n(w), K (H,(w), 8,) C K(H}(w),0)°. By the definition of the Hausdorff
metric, these set inclusions imply that di (K (H},0), K (Hy, 8,)) = op(1). O

nr

2.2.3 Differentiability condition

The differentiability condition in Assumption 2.5 can sometimes be established from more familiar concepts of differ-
entiability, such as differentiability in quadratic mean (Le Cam, 1970). The following proposition gives such a result.
Suppose that the model family is absolutely continuous with respect to the Lebesgue measure A on R, and denote
the density dpig/d\ of g by fo. Let &(y) = /fo(y) for all y € R. Le Cam (1970) introduced the concept of
differentiability in quadratic mean, which we define below.

Definition 2.4. The model M is differentiable in quadratic mean at 6, if there exists &5, € (Lo(R))% and Rg_g, €
(Lo(R))% such that g = &g, +(0—0,, &, )+ Rg_g, , Wwhere [fR RS,G* (y)dy]l/2 =o(||0—04|1%) as || — 0|2 — O.

Differentiability in quadratic mean holds for many classical models, such as exponential families and many
location-scale families (see e.g. Section 12.2 in Lehmann and Romano, 2005).

Proposition 2.2. Suppose that the model family is supported on a set S C R of bounded Lebesgue measure, and that
it is differentiable in quadratic mean at 0. Let Dy _(t) = ftoo 260, (y)&o. (y)dy for t € S and zero elsewhere. Then

JelFo(t) = Fo, (t) = (0 — 0., Do, ())]dt = o([|6 — Oll), as [|6 — O.]l2 — 0.
Proof.

/R (Fy(t) — Fy, (t) — (6 — 6, Dy, (1)) |dt

-,

/_ €3(y) — €2, () — 260, (1) (6 — 0. £, (4))dy dt




< /S /R|€3<y> — &5 (y) — 280, (Y)(0 — O, 0. (y))|dydt

< C/R<9 — 0., 80, (9))* + Ri_y (y) + 2|60, (y)Ro—o, (y)| + 2/(0 — 04, &0, (v)) Ro—o, (y)|dy

= o([|6 = Oulln),

where c is some constant and the last equality follows by applying the Cauchy-Schwarz inequality to the two last terms
of the integrand. O

3 MEWE

3.1 Existence, measurability, and consistency

In order to show similar results for the MEWE, we introduce the following assumptions.

(m) (m)

Assumption 3.1. For any m > 1, if p(0n,0) — O, then py " = p, " asn — oo,

Assumption 3.2. If p(6,,,60) — 0, then E, W, (1,, , f19,,,n) — 0 as n — oo.

Assumption 3.1 is a slightly stronger version of Assumption 2.2, stating that we not only need weak convergence
of the “model” distributions 1, but also of the sample distributions uém) for any m > 1. Assumption 3.2 is implied
by supgcy En W,y (16, f19,n,) — 0, which in turn might hold when # is compact and the inequalities in Fournier and
Guillin (2015) hold. In the next result, we prove an analogous version of Theorem 2.1 for the MEWE as min{n, m} —

oo. For simplicity, we write m as a function of n and require that m(n) — oo as n — co.

Theorem 3.1. Under Assumptions 2.1-2.3 and 3.1-3.2, there exists a set E C Q with P(E) = 1 such that, for all
w € E, infoep Epy () Wy (1 (W), flo,m(n)) — infoer W (fix, o), and there exists n(w) such that, for all n > n(w),

the sets argmin gcq, Wiy (fin (W), flg,m(n)) are non-empty and form a bounded sequence with

lim sup argmin Eq, () Wy (fin (W), fig,m(n)) C argmin Wy (fi, jg)-
n—00 0eH 0eH

Proof of Theorem 3.1. As before, for any v € P()), lower semicontinuity of the map 6 — W, (v, 114) follows from
Lemma 1.1, via Assumption 2.2. Since infgey Wy (tix, o) = €, Bi(g) with the & of Assumption 2.3 is non-
empty, by definition of the infimum. Moreover, since 8 — W, (u, fto) is lower semicontinuous, the set B, (¢) is
closed. By Assumption 2.3, B,(¢) is therefore compact. In other words, again by lower semicontinuity, the set
argmin geq; Wy (1ix, [to) 18 non-empty.

We show that 6+ E,, () Wy (fin, ﬂgﬂn(n)) epi-converges to 0 — W, (jux, ug) P-almost surely. Let E denote the
set of probability one from Assumption 2.1 and let w € E. Fix K C H compact. By lower semicontinuity of 6 —
By () W (fin (W), f1g,m(n))» ensured by Lemma 1.2 and Assumption 3.1, we know that infgex By, () Wy (fin (W), flg,m(n)) =
Eo () Wy (ftn (W), flo,, m(n) ) for some sequence 6,, = 6,,(w) € K. Hence,

lim inf inf Em(n)Wp(ﬂn(w)7 ﬂgﬁm(n))

n—oo ek

= liminf ]Em(n)Wp (fin (W), ﬂgmm(n))

n—oo

= klim B (n) Wy (fin,, (W), R, ;m(n,)) T subsequence converging to the lim inf,
— 00 ’

= elggo IEm(mw)V\/p(ﬂn,cz (w), ﬂgnke 77”("’%)) 3 subsequence 9%[ — 6 € K by compactness,



= h}gglf Em(nke)wp(,["nkz (W)a ﬂankz ,m(nkg))
> liergg}f[wp(ﬂnw (w), 1., ) — Em(nw)wp(ugnke 7/19%2 ;m(nx,))] by the triangle inequality,

2> liminf W (4n,., (@), pe,,, ) — lign SUp By, ) Wo ko, » flo,, mng,))

—00

> Wp(u*, 1g) by ls.c., Assumptions 2.1,2.2 and 3.2, w € E,
> inf .
> Inf Wy (s, o)

Fix O C H open. By definition of the infimum, there exists a sequence ¢, € O such that W, (s, pg,,) —
inf@e@ Wp (M*v /149) Now, iﬂfae@ Em(n)Wp(ﬂn (UJ)7 ﬂ@,m,(n)) < Em(n)wp (ﬂn (UJ)7 ﬂQ,l,m(n))- Hence,

lim sup 912(% ]Em(n)Wp(,&n (w)> ﬂ@,m(n))

n—oo
< limsup IEm(n)VVp (fin (W), ﬂen,m(n))
n—oo
< lim sup[Wp (fin (W), i) + W (s t19,,) + By Wy (116,, » 16, ,m(n))] by the triangle inequality,
n— o0

= lim sup W, (t«, tte,,) by Assumptions 2.1 and 3.2, w € E,

n— oo

_inf X .. N
Inf W, (s, pto) by definition of 0
Theorem 7.29b) of Rockafellar and Wets (2009) implies that

llr?isogp(elgg Em(n)Wp(ﬂn (w), ﬂQ,m(n))) < elg,}f_l Wp(/‘*a ,UIG) = Ex-
Hence, for all o > 0, there exists n(w), such that n > n,(w) implies that infoe s Eppy () Wy (fin (W), f16,m(n))
e« +a. Leta € (0,e/3). Theset {0 € H : E,y(y)Wp(fin(w), flg,mmn)) < €« + €/3} is non-empty for n

IN IV IA

Ne(w), by definition of the infimum. Let 6 belong to this set. Then, by the triangle inequality, W, (fix, to)

~—

Wy (fin (W), ) + By () Wy (fin (W), f1g,m(n)) + By Wo (16, fig,m(n))- By Assumption 2.1, there exists an n. (w
such that for n > n.(w), Wp(fn(w), 1t+) < €/3. By Assumption 3.2, there exists an 7(w) such that for n

(W), Epy(n)Wp (6, flo,m(n)) < €/3. So, if n > max{n,(w),n.(w),n(w)}, we have that W (i1, p1g) < €.

€. This means that {6 € H : E,)Wp(fin(w), fto,mn)) < €x +€/3} C Bi(e). As a consequence, for n

maX{na (UJ), Ne (W), ’ﬁ‘(w)}’ infOE?—[ Em(n) Wp(ﬂn (W)a ﬂ@,m(n)) = infGGB* (e) ]Em(n)Wp(ﬂn (W)v ﬂ&,m(n))
By Theorem 7.31a) of Rockafellar and Wets (2009), we have infgez; B, () Wy (fin (W), f16,m(n)) — infoer W (i, 119).

vV 4+ IV

Also, for n > max{nq(w),n.(w),7(w)} and by the same reasoning as for the map 6 — W, (i, 1tg), the sets
argmin gy By, () Whp (fin (W), f1g,m(n)) are non-empty. By Theorem 7.31b) of Rockafellar and Wets (2009), the re-
sult follows. The same argument holds for &,,- argmin 54, Em(n)Wp(ﬂn (w), ﬂgwm(n)) with e, — 0, since, eventually,
infger B () Wo (fin (W), f10,m(n)) + En < €4 4

O

3.2 Convergence to the MWE

The next result considers the case where the data and n is fixed, while m — oo. It shows that the MEWE converges to
the MWE, assuming the latter exists. We summarize this condition in the following assumption, in which the observed
empirical distribution is kept fixed and ¢,, = infgeyy Wy (fin, 16)-

Assumption 3.3. For some € > 0, the set B, (g) = {6 € H : Wy(fin, o) < €, + €} is bounded.

10



Theorem 3.2. Under Assumptions 2.2 and 3.1-3.3, infgery By Wy (fin, fro.m) — infoer Wy (fin, to), and there exists
an 1 such that, for all m > 1, the sets argmin ycq; By, Wy (fin, fig,m ) are non-empty and form a bounded sequence
with
lim sup argmin E,,, W, (fin, fto,m) C arggrr;[in Wy (fon, t10)-
€

m—00 0cH

Proof of Theorem 3.2. Lower semicontinuity of the map 6 — W, (fin, (t9) follows from Lemma 1.1, via Assumption
2.2. Since infgey Wy (fin, to) = €n, Br(e) with the € of Assumption 2.3 is non-empty, by definition of the infimum.
Moreover, since 6 — W, (fin, ptg) is lower semicontinuous, the set B,,(¢) is closed. By Assumption 3.3, B,,(¢) is
therefore compact. In other words, again by lower semicontinuity, the set argmin ycq; W (fin, it9) is non-empty.

We show that 6 +— E,, Wy (fin, fto,m) epi-converges to § — W, (fin, ttg) as m — oo. Fix £ C H compact.
By lower semicontinuity of 8 +— E,,)V,(fin, ft9,m), ensured by Lemma 1.2 and Assumption 3.1, we know that
infgexc EraWo (fins fro,m) = En Wy (fin (W), fie,, m), for some sequence 6,,, € K. Hence,

lim inf glrel)fc E, Wy (fin, fo.m)

Mmoo
= liminf E,y Wy (i 10,,m)
= kl;rglo Ern Wy (fin, ft6,,,, ,my) 3 subsequence converging to the lim inf,
= zlggo Erny, Wo(fins /29% ;my,) 3 subsequence O, — 6 € K by compactness,
= liminf By, Wy (fin, fio,, mx, )
> liergir.}f[wp(/lm /,Lgmw) —Epy, Wp(,ugmw , ﬂgmw ,my,)] by the triangle inequality,
2 iminf W, (fin, 1o, ) — lim sup B, W16, > 19, ms,)
> Wy (fin, 1) by Ls.c., Assumptions 2.2 and 3.2,
= euellfc Wy (fin, t1o)-

Fix O C H open. By definition of the infimum, there exists a sequence 6,,, € O such that W, (fi,,, pe,,) —
infgco Wp(ﬂn, o). Now, infgeo ]Eme(ﬂn, ﬂg’m) <E, W, (fin, ﬂ@m,m)- Hence,

lim sup aiggEme(ﬂn,ﬂgm) <limsup E,, W, (fin, f16,,.m)

m—r o0 m—roo

< lim supW, (fin, to,,.) + EmWp(pe,, , f2,,,m)] by the triangle inequality,

m—r oo

= lim sup W, (fin, ptg,,) by Assumption 3.2,

m—o0

= é&fo W, (s, po) by definition of 6,,,.
Theorem 7.29b) of Rockafellar and Wets (2009) implies that

lim sup(inf B W, (i, figm)) < i0f Wi (fim, f1g) = €.
im sup( inf p(fins fio.m)) < J0f Wy (jin, o) = €
Hence, for all o > 0, there exists m,,, such that for m > my, infocy Eny W, (fin, flo.m) < €n + . Let a € (0,¢/2).
The set {6 € H : E,,Wy(fin, fto,m) < en + €/2} is non-empty for m > m,, by definition of the infimum. Let
6 belong to this set. Then, by the triangle inequality, Wy (fin, o) < EpWp(itn, fo.m) + EmWy(1a, flo,m)- By
Assumption 3.2, there exists an 77 such that for m > 7, E,, W, (e, flo.m) < €/2. So, if m > max{mq, m}, we have
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that W, (14« ttg) < &y, + €. This means that {6 € H : E,, W, (fin, flo.m) < en +€/2} C By, (). As a consequence,
for m > max{meq, m}, infoc By Wy (fin, flo,m) = infocp, o) Era Wy (fin, fig,m)-

By Theorem 7.31a) of Rockafellar and Wets (2009), we know that infgey; By, Wy (fin, f10,m) — infocr Wy (fin, po)
as m — oo. Also, for m > max{mg,m} and by the same reasoning as for the map 6 — W, ({1, f10), the sets
argmin geqy; By Wy (fin, f1o,m) are non-empty. By Theorem 7.31b) of Rockafellar and Wets (2009), the result fol-
lows. O

Theorem 3.3 (Measurability of the MEWE). Suppose that H is a o-compact Borel measurable subset of R% . Under
Assumption 3.1, for anyn > 1 and m > 1 and € > 0, there exists a Borel measurable function émm : Q — H that

satisfies
() argmin geqy Ens Wo (fin (W), f16,m), if this set is non-empty,
n,m(W) €
e-argmin g gy B, Wo (fin (W), flo,m),  otherwise.
Proof. The proof is identical to that of Theorem 2.2, applying Lemma 1.2 instead of 1.1. O

4 Checking the assumptions

The following proposition gives three data-generating mechanisms for which W, ({i,, ptx) — 0 P-almost surely, which
is Assumption 2.1. The three conditions below are mainly chosen for illustrative purposes, and are by no means
exhaustive. We first give definitions that are used in the conditions. We denote by F the measurable sets of ().

Definition 4.1. The stochastic process Y = (Y} )¢z is stationary if for any k¥ € N and 7,1, ...t; € Z we have that
(Ye,, ..., Yy,) and (Yy, 4+, . .., Yy, +-) have the same distribution.

Definition 4.2. The map 7" : Q — Q is P-measure preserving if P(T~1(A)) = P(A) forall A € F.

Definition 4.3. The map 7" : 2 —  is P-ergodic if it is P-measure preserving, and such that for all A € F with
T~(A) = A we have that P(A) = 0 or P(A) = 1. The stochastic process Y = (Y;);ez is ergodic if it can be

represented by Y; = Y, o T for some ergodic 1" and some random variable Yj.

Definition 4.4. The stochastic process Y = (Y}):cz is a-mixing with mixing coefficients

= sup sup P(AN B) —P(A)P(B)],

k€Z AeFk _,BeFP,

if oy — O ast — oo, where FX = o (Y; :i < k) and F° = o(Y; 1 i > k).
Proposition 4.1. Suppose that Y = (Y;)iez is a stochastic process such that either
1. Y ~ u$°, for some i, € Pp(y), i.e. the observations are i.i.d, or

2. (Yy)iez is ergodic and stationary, represented by Yy = Y o T*, where Yy ~ p, € Pp(Y) and T is an ergodic,

measure preserving map, or

3. (Vi)iez is a—mixing with mixing coefficients o such that Zfil atlfl/zr < oo, with Yy ~ py such that i

converges weakly to ji. in Py(Y) and satisfies sup, E||Y;||5, < oo for some 1 < max(r,p) < q < 2r (where it
is assumed p(x,y) = ||x — yl|y for simplicity).
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Then there exists a set E € F with P(E) = 1 such that, for all w € E, W, (fin(w), pix) = 0.

Proof. Under condition 1., Theorem 3 in Varadarajan (1958a) establishes that there exists a set Ey with P(E;) = 1
such that for all w € Ey, fi,,(w) converges weakly to .. By the strong law of large numbers, there exist a set Eo with
P(E3) = 1and an zy € X such that [, p(z,z0)Pdfin(w)(x) = [, p(x, zo)Pdu.(x) for allw € Ey. Then, in light of
Theorem 1.1, the claim holds on £ = E; N Es.

Consider condition 2. By Varadarajan (1958b), there exists a fixed countable set C* of continuous and bounded
functions on Y, such that for any sequence of measures 4., on ), f1,, converges weakly to s if and only if | fdu, —
J fduforall f € C*. Fix f € C*. We know that f o Y is measurable and that E|f o ¥;| < oo since f is bounded,
so by Birkhoff’s ergodic theorem there exists a set E'¢ such that P(Ey) = 1 and

/y Fdfin(w) = ;f(i’t(w))=i;fo%oTt(w)—> /y Fds,

for all w € Ey. Moreover, since p,, € Pp()) we know fy (Y, yo)Pdp.(y) < oo and that there exists a set Fy with
P(Ey) = 1 such that

/ oy, 40)Pdfin () () — / p(5,90) i (4).

for all w € Ejy. Since C* is countable we know that P(Nycc+ Ef N Ep) = 1. In other words, this means that
Wy (fir(w), ttx) = 0forallw € E = NgecxEf N Ey.

Under condition 3., we first note that since (Y} ):cz is a—mixing, then so is (f o Y3 )<z for any measurable f, with
mixing coefficients bounded above by «y since o(f(Y;) : i < k) C o(Y; : i < k). Also, since iy converges weakly to
e in P, (Y) we have that for all f € C*,

1 n
o> [ s [ gan,
M=y y

and
1 n
1y / oIl dpe () / ol dpe (9).
ni3Jy y

By Hansen (1991) Corollary 4, we know that for all f € C* we have that the zero-mean, c-mixing sequence f(Y;) —
Jy fdu satisfies

1 n
o Z {f(Yt) - / fdut} — 0 P-almost surely.
t=1 y

Similarly,

1 n
- Z {||Yt||§, — /y ||y|§,dut(y)} — 0 P-almost surely.

t=1

Together this gives us that

1 n
fdj, = -~ Zf(Y}) — / fdu, P-almost surely.
y t—1 y

13



and

X RS
[ W) = L3IV~ [ ol ) Pratmost surly
t=1

Then, again by the countability of C*, we can conclude that W, ({i,,(w), ttx) — 0 for all w in a set E defined analo-
gously to the one for the second set of conditions. O

The following proposition can be used to verify Assumption 2.4.

Proposition 4.2. Suppose that either of the conditions of Lemma 1.1 holds. Suppose that there exists a proper, con-
nected and compact subset S C H with positive Lebesgue measure such that infgcy s W (s, pro) > infoer Wy (1s, o).
Then there exists a 0, attaining the infimum of 6 — Wy (pux, o). If O is unique, then it is well-separated.

Proof. Since 0 — W, (pu«, 1g) is continuous/lower semicontinuous, it attains a minimum 6, on S. This is also the
global minimum by the assumption on S. If 6, is unique, it is well-separated in the sense of Assumption 2.4, for all
€ > 0, there exists § > 0 such that

inf W, * > W, *3 0.
Heﬂzpﬂe,e*)ZE (s 16) o (L 110, ) +

Indeed, let ¢ > 0, and consider {6 € H : py(0,0,) > €}. Either the set is contained in H \ S, and thus well-
separation follows, or, {6 € H : pp(0,0,) > £} NS is not empty. Then we show that it is compact. Since S is
compact, there exists £ > e such that S C {0 € H : py(0,0,) < &}. Therefore {0 € H : py(0,0,) > e} NS =
{0 eH:e>pu(0,0,) >enNS. Now {0 € H : &> py(0,0,) > e} is compact. An intersection of compact
sets is compact. Therefore, 6 — W, (u., f19) being continuous/lower semicontinuous, an infimum is attained on
{6 € H:pu(6,0,) > e} NS, and by uniqueness of 6, well-separation follows. O
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