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1 Preliminary results

A sequence of probability measures (µn)n≥1 is said to converge weakly in Pp(Y) to µ as n → ∞ if µn ⇒ µ, i.e.
converges weakly in the usual sense, and there exists y0 ∈ Y such that

∫
Y ρ(y, y0)pdµn(y) →

∫
Y ρ(y, y0)pdµ(y).

Recall that Y is a subset of Rd for d ≥ 1.

Theorem 1.1. The p-Wasserstein distance metrizes weak convergence in Pp(Y): a sequence µn converges weakly to
µ in Pp(Y) if and only ifWp(µn, µ)→ 0.

For a proof, see Villani (2008, Theorem 6.9). From this result one can deduce the continuity of the p-Wasserstein
distance. If µn and νn converge weakly in Pp(Y) to µ and ν, then Wp(µn, νn) → Wp(µ, ν). On the other
hand, if µn and νn converge weakly in the usual sense, the Wasserstein distance is only lower semicontinuous:
lim infn→∞Wp(µn, νn) ≥ Wp(µ, ν). The following lemma is extended from Bassetti et al. (2006). Its second
condition corresponds to Assumption 2.2, and is implied by the first condition. All limits in the lemma are understood
to be as n→∞.

Lemma 1.1. Let (θn)n≥1 be a sequence inH and θ ∈ H. Suppose that either of the following conditions holds.

1. ρH(θn, θ)→ 0 implies thatWp(µθn , µθ)→ 0.

2. ρH(θn, θ)→ 0 implies that µθn ⇒ µθ.

Then, respectively,

1. H×Pp(Y) 3 (θ, µ) 7→ Wp(µθ, µ) is continuous.

2. H×P(Y) 3 (θ, µ) 7→ Wp(µθ, µ) is lower semicontinuous.

Proof. This follows directly from the two assumptions and the continuity/lower semicontinuity derived from Theorem
1.1.

Lemma 1.2. The function (ν, µ(m)) 7→ EWp(ν, µ̂m) is lower semicontinuous with respect to weak convergence. Fur-
thermore, if ρH(θn, θ)→ 0 implies that µ(m)

θn
⇒ µ

(m)
θ , then the map (ν, θ) 7→ EWp(ν, µ̂θ,m) is lower semicontinuous.
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Proof. Let µ(m)
k ⇒ µ(m) and νk ⇒ ν. Then there exist versions of the corresponding empirical measures such that

µ̂k,m ⇒ µ̂m almost surely.
Indeed, by Skorokhod’s representation theorem, there exists a probability space (P̃, Ω̃, Σ̃) and random variables

X̃1:m
k ∼ µ

(m)
k and X̃1:m ∼ µ(m) such that X̃1:m

k → X̃1:m P̃-almost surely. Let µ̂k,m and µ̂m be the empirical
distributions of these samples. By Varadarajan (1958b) and since Y is separable, there exists a fixed countable subset
C? of continuous and bounded functions on Y , such that for any sequence of measures µn ∈ P(Y), µn converges
weakly to µ if and only if

∫
fdµn →

∫
fdµ for all f ∈ C?. Fix one such f . Then,

∫
fdµ̂k,m =

1

m

m∑
i=1

f(X̃i
k)→ 1

m

m∑
i=1

f(X̃i) =

∫
fdµ̂m,

on a set of P̃-probability one, by the continuous mapping theorem. Taking the countable intersection of these sets over
f ∈ C?, we get that µ̂k,m ⇒ µ̂m P̃-almost surely.

By the lower semicontinuity of the p-Wasserstein distance and Fatou’s lemma,

EWp(ν, µ̂m) ≤ E lim inf
k→∞

Wp(νk, µ̂k,m) ≤ lim inf
k→∞

EWp(νk, µ̂k,m).

The lower semicontinuity of (ν, θ) 7→ EWp(ν, µ̂θ,m) is proved analogously to Lemma 1.1.

2 MWE

2.1 Existence, measurability, and consistency

Assumption 2.1. The data-generating process is such thatWp(µ̂n, µ?)→ 0, P-almost surely as n→∞.

Assumption 2.2. The map θ 7→ µθ is continuous in the sense that ρH(θn, θ)→ 0 implies µθn ⇒ µθ as n→∞.

For the next assumption, define ε? = infθ∈HWp(µ?, µθ); we will use this definition throughout.

Assumption 2.3. For some ε > 0, the set B?(ε) = {θ ∈ H :Wp(µ?, µθ) ≤ ε? + ε} is bounded.

Theorem 2.1 (Existence and consistency of the MWE). Under Assumptions 2.1-2.3, there exists a set E ⊂ Ω with
P(E) = 1 such that, for all ω ∈ E, infθ∈HWp(µ̂n(ω), µθ) → infθ∈HWp(µ?, µθ), and there exists n(ω) such that,
for all n ≥ n(ω), the sets argmin θ∈HWp(µ̂n(ω), µθ) are non-empty and form a bounded sequence with

lim sup
n→∞

argmin
θ∈H

Wp(µ̂n(ω), µθ) ⊂ argmin
θ∈H

Wp(µ?, µθ).

Before giving the proof, we recall a definition and a proposition.

Definition 2.1. A sequence of functions fn : H → R is said to epi-converge to f : H → R if for all θ ∈ H,lim infn→∞ fn(θn) ≥ f(θ) for every sequence θn → θ,

lim supn→∞ fn(θn) ≤ f(θ) for some sequence θn → θ.

A useful equivalent formulation of epi-convergence can be found in Proposition 7.29 of Rockafellar and Wets
(2009), paraphrased here.
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Proposition 2.1 (Proposition 7.29 of Rockafellar and Wets (2009)). The sequence fn : H → R epi-converges to
f : H → R if and only iflim infn→∞ infθ∈K fn(θ) ≥ infθ∈K f(θ) for every compact set K ⊂ H,

lim supn→∞ infθ∈O fn(θ) ≤ infθ∈O f(θ) for every open set O ⊂ H.

In an colloquial sense, epi-convergence is a weak notion of convergence for which the minimizer of fn converges
to the minimizer of f . Showing that the function θ 7→ Wp(µ̂n, µθ) epi-converges to θ 7→ Wp(µ?, µθ) almost surely is
the key step in the proof of Theorem 2.1.

Proof of Theorem 2.1. First note that, for any ν ∈ P(Y), the lower semicontinuity of the map θ 7→ Wp(ν, µθ) follows
from Lemma 1.1, via Assumption 2.2. Since infθ∈HWp(µ?, µθ) = ε?, the set B?(ε) with the ε of Assumption 2.3
is non-empty, by definition of the infimum. Moreover, since θ 7→ Wp(µ?, µθ) is lower semicontinuous, the set B?(ε)
is closed. By Assumption 2.3, B?(ε) is therefore compact. In other words, again by lower semicontinuity, the set
argmin θ∈HWp(µ?, µθ) is non-empty.

We now show that θ 7→ Wp(µ̂n, µθ) epi-converges to θ 7→ Wp(µ?, µθ) P-almost surely. Let E denote the
set of probability one from Assumption 2.1 and let ω ∈ E. Fix K ⊂ H compact. By lower semicontinuity of
θ 7→ Wp(µ̂n(ω), µθ), we know that infθ∈KWp(µ̂n(ω), µθ) =Wp(µ̂n(ω), µθn), for some sequence θn = θn(ω) ∈ K.
Hence,

lim inf
n→∞

inf
θ∈K
Wp(µ̂n(ω), µθ) = lim inf

n→∞
Wp(µ̂n(ω), µθn)

= lim
k→∞

Wp(µ̂nk(ω), µθnk ) ∃ subsequence converging to the lim inf ,

= lim
m→∞

Wp(µ̂nkm (ω), µθnkm
) ∃ subsequence θnkm → θ̄ ∈ K by compactness,

= lim inf
m→∞

Wp(µ̂nkm (ω), µθnkm
)

≥ Wp(µ?, µθ̄) by l.s.c., Assumptions 2.1 and 2.2 , ω ∈ E,

≥ inf
θ∈K
Wp(µ?, µθ).

Fix O ⊂ H open. By definition of the infimum, there exists a sequence θn ∈ O such that Wp(µ?, µθn) →
infθ∈OWp(µ?, µθ). Now, infθ∈OWp(µ̂n(ω), µθ) ≤ Wp(µ̂n(ω), µθn). Hence,

lim sup
n→∞

inf
θ∈O
Wp(µ̂n(ω), µθ) ≤ lim sup

n→∞
Wp(µ̂n(ω), µθn)

≤ lim sup
n→∞

(Wp(µ̂n(ω), µ?) +Wp(µ?, µθn)) by the triangle inequality,

≤ lim sup
n→∞

Wp(µ̂n(ω), µ?) + lim sup
n→∞

Wp(µ?, µθn) by positivity,

= lim sup
n→∞

Wp(µ?, µθn) by Assumption 2.1, ω ∈ E,

= inf
θ∈O
Wp(µ?, µθ) by definition of θn.

Using Proposition 2.1, the sequence of functions θ 7→ Wp(µ̂n(ω), µθ) epi-converges to θ 7→ Wp(µ?, µθ).
Theorem 7.29b) of Rockafellar and Wets (2009) implies that

lim sup
n→∞

inf
θ∈H
Wp(µ̂n(ω), µθ) ≤ inf

θ∈H
Wp(µ?, µθ) = ε?.
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So, for all α > 0, there exists nα(ω), such that for n ≥ nα(ω), infθ∈HWp(µ̂n(ω), µθ) ≤ ε? + α. Let α ∈ (0, ε/2).
The set {θ ∈ H : Wp(µ̂n(ω), µθ) ≤ ε? + ε/2} is non-empty for n ≥ nα(ω), by definition of the infimum. Let θ
belong to this set. Then, by the triangle inequality,Wp(µ?, µθ) ≤ Wp(µ̂n(ω), µ?) +Wp(µ̂n(ω), µθ). By Assumption
2.1, there exists an nε(ω) such that for n ≥ nε(ω),Wp(µ̂n(ω), µ?) ≤ ε/2. So, if n ≥ max{nα(ω), nε(ω)}, we have
thatWp(µ?, µθ) ≤ ε? + ε. This means that {θ ∈ H : Wp(µ̂n(ω), µθ) ≤ ε? + ε/2} ⊂ B?(ε). As a consequence, for
n ≥ max{nα(ω), nε(ω)}, infθ∈HWp(µ̂n(ω), µθ) = infθ∈B?(ε)Wp(µ̂n(ω), µθ).

By Theorem 7.31a) of Rockafellar and Wets (2009), this implies infθ∈HWp(µ̂n(ω), µθ) → infθ∈HWp(µ?, µθ).
For n ≥ max{nα(ω), nε(ω)} and by the same reasoning as for θ 7→ Wp(µ?, µθ), the sets argmin θ∈HWp(µ̂n(ω), µθ)

are non-empty. By Theorem 7.31b) of Rockafellar and Wets (2009), the result follows. The same argument holds for
εn- argmin θ∈HWp(µ̂n(ω), µθ) with εn → 0, since, eventually, infθ∈HWp(µ̂n(ω), µθ) + εn ≤ ε? + α.

Theorem 2.2 (Measurability of the MWE). Suppose that H is a σ-compact Borel measurable subset of Rdθ . Under
Assumption 2.2, for any n ≥ 1 and ε > 0, there exists a Borel measurable function θ̂n : Ω→ H that satisfies

θ̂n(ω) ∈

argmin θ∈HWp(µ̂n(ω), µθ), if this set is non-empty,

ε- argmin θ∈HWp(µ̂n(ω), µθ), otherwise.

Before the proof, we first recall a useful result from Brown and Purves (1973), also used in Bassetti et al. (2006).

Theorem 2.3 (Corollary 1 in Brown and Purves (1973)). Let X,Y be Polish, D ⊂ Y ×X be Borel, and f : D → R
be Borel measurable. Suppose that for all y ∈ proj(D), the section Dy = {x : (y, x) ∈ D} is σ-compact and that
fy = f(y, ·) is lower semicontinuous with respect to the relative topology on Dy . Then

1. The sets G = proj(D) and I = {y ∈ G : for some x ∈ Dy, f(y, x) = inf fy} are Borel.

2. For each ε > 0, there exists a Borel measurable function φε such that for y ∈ G,

f(y, φε(y))


= inf fy if y ∈ I.

≤ ε+ inf fy if y /∈ I, inf fy 6= −∞.

≤ −ε−1 if y /∈ I, inf fy = −∞.

Proof of Theorem 2.2. First note that Y∞ endowed with the product topology is Polish since (Y, ρ) is Polish. Also,
µ̂n(ω) depends on ω only through y = Y (ω), where Y = (Yt)t∈Z. We can therefore write µ̂n(ω) = µ̂n(y), where
y ∈ Y∞, and consider the empirical measure a function on Y∞. The map y 7→ µ̂n(y) is measurable with respect to
the Borel σ-algebra on Pp(Y) with respect to weak convergence. Recall also that (Pp(Y),Wp) is Polish since Y is
Polish by Theorem 6.18 of Villani (2008).

Let D = Y∞ × H. By Lemma 1.1 and Assumption 2.2, the map (µ, θ) 7→ Wp(µ, µθ) is lower semicontinuous
(and therefore measurable). Hence the map θ 7→ Wp(µ̂n(y), µθ) is also lower semicontinuous onH for any y ∈ Y∞.
Being the composition of measurable functions, (y, θ) 7→ Wp(µ̂n(y), µθ) is measurable on D. In light of this, the
result follows by a direct application of Theorem 2.3.
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2.2 Asymptotic distribution

Let p = 1, Y = R, and ρ(x, y) = |x− y|. In this case we haveW1(µ, ν) =
∫ 1

0
|F−1
µ (s)− F−1

ν (s)|ds =
∫
R|Fµ(t)−

Fν(t)|dt, where Fµ and Fν denote the cumulative distribution functions (CDFs) of µ and ν respectively (see e.g.
Ambrosio et al., 2005, Theorem 6.0.2). For this reason, we will occasionally use the notation W1(µ, ν) = ‖Fµ −
Fν‖L1

. Assume also that H is endowed with a norm: ρH(θ, θ′) = ‖θ − θ′‖H. We recall results from del Barrio et al.
(1999) and Dede (2009), after a few definitions.

Definition 2.2. Suppose that the sequence Ω× R 3 (ω, t) 7→ Xn(ω, t) for all n, and Ω× R 3 (ω, t) 7→ X(ω, t), are
stochastic processes with almost all their sample paths in L1(R). Then Xn is said to converge weakly to X in L1(R)

if Ef(Xn)→ Ef(X) as n→∞ for all bounded continuous functions f : L1(R)→ R.

Definition 2.3. The stochastic process Ω×R 3 (ω, t) 7→ Gµ(ω, t) is a µ-Brownian bridge if it is a zero mean Gaussian
process with covariance function EGµ(s)Gµ(t) = min{Fµ(s), Fµ(t)} − Fµ(s)Fµ(t).

Theorem 2.4 (Theorem 2.1a in del Barrio et al. (1999)). Let Y = (Yt)t∈Z ∼ µ∞? , and defineFn(ω, t) = µ̂n(ω)(−∞, t]
and F?(t) = µ?(−∞, t]. The stochastic process

√
n(Fn − F?) converges weakly in L1(R) to G?, where G? is a µ?-

Brownian bridge, if and only if
∫∞

0

√
P(|Y0| > t)dt <∞.

For a stationary sequence, let α̃t = supu∈R E|P(Yt ≤ u|F0
−∞)− P(Yt ≤ u)|. Note that for stationary sequences,

α̃-mixing is weaker than α-mixing, as defined later in Section 4.

Theorem 2.5 (Proposition 3.5 in Dede (2009)). Suppose that Y = (Yt)t∈Z is ergodic and stationary, and that

∑
k≥1

1√
k

∫ ∞
0

min{
√
α̃k,
√
P(|Y0| > t)}dt <∞.

Then
√
n(Fn − F?) converges weakly in L1(R) to a zero mean Gaussian process G? with sample paths in L1(R) and

covariance satisfying: for every f, g ∈ L∞(R),

Ef(G?)g(G?) =

∫
R2

f(s)g(u)C(s, u)dsdu,

where
C(s, u) =

∑
t∈Z
{P(X0 ≤ s,Xt ≤ u)− F?(s)F?(u)} .

Dede (2009) also provides other conditions, e.g. on φ-mixing coefficients, for which the convergence above holds.
We first consider the well-specified setting, in which our results follow directly from Pollard (1980).

2.2.1 Well-specified setting

Suppose that µ? = µθ? for some θ? in the interior ofH, and consider the following assumptions:

Assumption 2.4. For all ε > 0, there exists δ > 0 such that

inf
θ∈H:‖θ−θ′‖H≥ε

W1(µθ? , µθ) > δ.

Assumption 2.5. There exists a non-singular Dθ? ∈ (L1(R))dθ such that∫
R
|Fθ(t)− Fθ?(t)− 〈θ − θ?, Dθ?(t)〉|dt = o(‖θ − θ?‖H),
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as ‖θ − θ?‖H → 0.

The following results contain Theorem 2.3 of the main text as a special case.

Theorem 2.6. Suppose that µ? = µθ? for some θ? in the interior of H, and that the conditions of either Theorem 2.4
or Theorem 2.5 are satisfied. Under Assumptions 2.1-2.5, the goodness-of-fit statistic satisfies

√
n inf
θ∈H
W1(µ̂n, µθ)⇒ inf

u∈H

∫
R
|G?(t)− 〈u,Dθ?(t)〉|dt,

as n→∞, where G? is given as in Theorem 2.4 or Theorem 2.5 respectively.

Theorem 2.7. Suppose that the conditions in Theorem 2.6 hold. Suppose also that the random map H 3 u 7→∫
R|G?(t)− 〈u,Dθ?(t)〉|dt has an almost surely unique infimum. Then the MWE of order 1 satisfies

√
n(θ̂n − θ?)⇒ argmin

u∈H

∫
R
|G?(t)− 〈u,Dθ?(t)〉|dt,

as n→∞, where G? is given as in Theorem 2.4 or Theorem 2.5.

Proof. The proofs of these two results follow the steps outlined in Pollard (1980)’s Theorems 4.2 and 7.2 respectively,
which also generalize to the setting where the map H 3 u 7→

∫
R|G?(t) − 〈u,Dθ?(t)〉|dt does not necessarily have

a unique minimum (see also Section 2.2.2 below). The delta methods employed therein hold for the 1-Wasserstein
distance due to the representation W1(µ, ν) = ‖Fµ − Fν‖L1

. Moreover, the well-separation of θ? provided by
Assumption 2.4, the consistency and measurability of the MWE proved earlier, and Theorems 2.4 and 2.5 proved in
del Barrio et al. (1999) and Dede (2009) respectively, guarantee that Pollard’s conditions are satisfied. Note that the
measurability concerns outlined in his Section 3 do not apply to here, as L1(R) is separable.

2.2.2 Misspecified setting

To study the asymptotic distribution of the MWE in the misspecified setting, we adapt the arguments outlined in
Section 7 of Pollard (1980). Define f(x, u) = ‖x − 〈u,Dθ?〉‖L1 and m(x) = infu f(x, u). Let K be the class
of all compact, convex, non-empty subsets of a set L1(R) equipped with its canonical distance. The corresponding
Hausdorff metric on K is defined by dH(K1,K2) = inf{δ > 0 : K1 ⊂ Kδ

2 ,K2 ⊂ Kδ
1}, where Kδ = ∪x∈K{z ∈

M : ‖z − x‖L1
≤ δ}. Let K(x, β) = {u : f(x, u) ≤ m(x) + β}. The function x 7→ K(x, β) maps into K and, by

Pollard (1980, Lemma 7.1), is measurable. Let also Hn =
√
n(Fn − Fθ?) =

√
n(Fn − F?) +

√
n(F? − Fθ?) and

H?
n = G? +

√
n(F? − Fθ?). Let Mn = {θ ∈ H :W1(µ̂n, µθ) ≤ infθW1(µ̂n, µθ) + n−1/2ηn}, where ηn > 0 is any

sequence such that ηn = oP(1) and Mn is non-empty. That is, Mn is a set of approximate MWEs.
Consider the following assumption:

Assumption 2.6. There exists a neighborhood N of θ? and a constant c? > 0 such that for any θ ∈ N ,

W1(µθ, µ?) ≥ W1(µθ? , µ?) + c?‖θ − θ?‖H.

In the well-specified setting, this condition follows from Assumption 2.5. The next result concerns the distribution
of the set Mn as n becomes large.

Theorem 2.8. Suppose Assumptions 2.1-2.6 hold for some θ? in the interior of H, and that the conditions of either
Theorem 2.4 or Theorem 2.5 are satisfied. Then, there exist positive real numbers βn → 0 such that
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1. P?
(
{Mn ⊂ θ? + n−1/2K(Hn, βn)}

)
→ 1 as n→∞, where P? denotes inner probability, and

2. if Fn and G? are versions of the processes such that
√
n(Fn − F?)→ G? in L1(R) almost surely, then

dH (K(H?
n, 0),K(Hn, βn)) = oP(1).

Since K(H?
n, 0) = argmin u ‖G? +

√
n(F? − Fθ?)− 〈u,Dθ?〉‖L1

, one can interpret this result as saying that the
limit of the set of approximate MWEsMn behaves distributionally like the limit of the sets θ?+n−1/2 argmin u ‖G?+
√
n(F?−Fθ?)−〈u,Dθ?〉‖L1 in the Hausdorff metric sense. Note that the latter sequence does not depend on the data.

Since the assumptions guarantee that
√
n(Fn−F?)→ G? weakly in L1(R), there exist versions of these variables that

converge almost surely. For simplicity, we assume without loss of generality that these are the variable we work with.
As noted by Pollard (1980), establishing the measurability of the sets {Mn ⊂ θ? + n−1/2K(Hn, βn)} ⊂ Ω is hard,
which is why the result is stated in terms of inner probability. See also Pollard (1980, pp. 67) for further comments on
the sequence βn.

Proof of Theorem 2.8. Let θ ∈ N , where N is the set from Assumption 2.6. By Assumption 2.4 and Pollard (1980,
Lemma 4.1) or the proof of Theorem 2.1, we know that the minimizers of ‖Fn − Fθ‖L1

will be attained in N with
probability going to one. For θ ∈ N , we have that

‖Fn − Fθ‖L1
≥ ‖F? − Fθ‖L1

− ‖Fn − F?‖L1
by the triangle inequality,

≥ ‖F? − Fθ?‖L1
+ c?‖θ − θ?‖H − ‖Fn − F?‖L1

by Assumption 2.6,

≥ ‖Fn − Fθ?‖L1
+ c?‖θ − θ?‖H − 2‖Fn − F?‖L1

by the triangle inequality.

Let ξn =
√
n(4‖Fn − F?‖L1 + 2ηn)/c? and Sn = {θ :

√
n‖θ − θ?‖H ≤ ξn}. Then, by the assumptions on

ηn and
√
n(Fn − F?), we know that n−1/2ξn = oP(1). If θ ∈ N ∩ Scn, then by the inequality derived above,

‖Fn − Fθ‖L1
> ‖Fn − Fθ?‖L1

+ 2(‖Fn − F?‖L1
+ ηn). Thus, with inner probability going to one, it has to be that

Mn ⊂ Sn.
Next, we approximate θ 7→

√
n‖Fn − Fθ‖L1

with the convex map θ 7→
√
n‖Fn − Fθ? − 〈θ − θ?, Dθ?〉‖L1

over
the set Sn. First, note that Assumption 2.5 implies that the remainder Rθ = Fθ − Fθ? − 〈θ − θ?, Dθ?〉 satisfies
‖Rθ‖L1 ≤ ‖θ − θ?‖H · ∆(‖θ − θ?‖H), where ∆ is an increasing function such that ∆(t) = o(1) as t → 0. Define
Γn = supθ∈Sn |

√
n‖Fn − Fθ‖L1 −

√
n‖Fn − Fθ? − 〈θ − θ?, Dθ?〉‖L1 |. We then have that

Γn = sup
θ∈Sn

∣∣√n‖Fn − Fθ? − 〈θ − θ?, Dθ?〉 −Rθ‖L1
−
√
n‖Fn − Fθ? − 〈θ − θ?, Dθ?〉‖L1

∣∣
≤ sup
θ∈Sn

√
n‖Rθ‖L1 by the triangle inequality,

≤ sup
θ∈Sn

√
n‖θ − θ?‖H ·∆(‖θ − θ?‖H) by Assumption 2.5,

≤ ξn∆

(
ξn√
n

)
= oP(1) by the definitions of Sn and ξn.

In other words, we have uniform control over the difference between θ 7→
√
n‖Fn − Fθ‖L1 and its convex approx-

imation over Sn. Moreover, the map θ 7→
√
n‖Fn − Fθ? − 〈θ − θ?, Dθ?〉‖L1

also attains its minimum on Sn with
probability going to one, since for θ ∈ N such that ∆(‖θ − θ?‖H) ≤ c?/2,

‖Fn−Fθ? − 〈θ − θ?, Dθ?〉‖L1
= ‖Fn − Fθ +Rθ‖L1

≥ ‖Fn − Fθ‖L1
− ‖Rθ‖L1

by the triangle inequality,
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≥ ‖Fn − Fθ?‖L1
+ c?‖θ − θ?‖H − 2‖Fn − F?‖L1

− ‖θ − θ?‖H ·∆(‖θ − θ?‖H) by Ass. 2.6, tri. ineq.,

≥ ‖Fn − Fθ?‖L1
+

1

2
c?‖θ − θ?‖H − 2‖Fn − F?‖L1

.

Hence, if θ ∈ N ∩ Scn and ∆(‖θ − θ?‖H) ≤ c?/2, then ‖Fn − Fθ‖L1 > ‖Fn − Fθ?‖L1 + ηn = ‖Fn − Fθ? −
〈0, Dθ?〉‖L1 + ηn. In other words, m(Hn) = infu∈Ln f(Hn, u) with probability going to one, where we have used
the reparameterization Ln = {u : u =

√
n(θ − θ?), θ ∈ Sn}, or equivalently Sn = θ? + n−1/2Ln.

Now, since Γn = oP(1), we can find a sequence of positive real numbers γn → 0 such that P(Γn ≤ γn) → 1.
Similarly, we can find δn > 0 and αn > 0 such that P(ηn ≤ δn) → 1 and P(‖Hn − H?

n‖L1
≤ αn) → 1. Define

βn = max{2γn + δn, 2αn}. Let τ be such that τ ∈ Ln and θ? + n−1/2τ ∈ Mn, and suppose that Γn ≤ γn and
ηn ≤ δn. By combining the approximations developed above, we have that

m(Hn) ≥ inf
u∈Ln

√
n‖Fn − Fθ?+n−1/2u‖L1

− γn

≥
√
n‖Fn − Fθ?+n−1/2τ‖L1 − γn − δn

≥ f(Hn, τ)− 2γn − δn.

Since 2γn + δn ≤ βn, we have that τ ∈ K(Hn, βn). This proves the first part of the theorem, as the events considered
above all hold with (inner) probability going to one.

By the triangle inequality, u ∈ K(H?
n, 0) implies that u ∈ K(Hn, 2‖Hn−H?

n‖L1
). Hence, with probability going

to one, K(H?
n, 0) ⊂ K(Hn, βn). Similarly, u ∈ K(Hn, βn) implies that u ∈ K(H?

n, βn + 2‖Hn −H?
n‖L1

). Recall
that βn + 2‖Hn −H?

n‖L1 → 0 almost surely. Let E ⊂ Ω denote the set on which this occurs. Then, for every every
δ > 0, there exists n(ω) such that for n ≥ n(ω), K(Hn(ω), βn) ⊂ K(H?

n(ω), 0)δ . By the definition of the Hausdorff
metric, these set inclusions imply that dH (K(H?

n, 0),K(Hn, βn)) = oP(1).

2.2.3 Differentiability condition

The differentiability condition in Assumption 2.5 can sometimes be established from more familiar concepts of differ-
entiability, such as differentiability in quadratic mean (Le Cam, 1970). The following proposition gives such a result.
Suppose that the model family is absolutely continuous with respect to the Lebesgue measure λ on R, and denote
the density dµθ/dλ of µθ by fθ. Let ξθ(y) =

√
fθ(y) for all y ∈ R. Le Cam (1970) introduced the concept of

differentiability in quadratic mean, which we define below.

Definition 2.4. The modelM is differentiable in quadratic mean at θ? if there exists ξ̇θ? ∈ (L2(R))dθ and Rθ−θ? ∈
(L2(R))dθ such that ξθ = ξθ? +〈θ−θ?, ξ̇θ?〉+Rθ−θ? ,where [

∫
RR

2
θ−θ?(y)dy]1/2 = o(‖θ−θ?‖H) as ‖θ−θ?‖H → 0.

Differentiability in quadratic mean holds for many classical models, such as exponential families and many
location-scale families (see e.g. Section 12.2 in Lehmann and Romano, 2005).

Proposition 2.2. Suppose that the model family is supported on a set S ⊂ R of bounded Lebesgue measure, and that
it is differentiable in quadratic mean at θ?. Let Dθ?(t) =

∫ t
−∞ 2ξθ?(y)ξ̇θ?(y)dy for t ∈ S and zero elsewhere. Then∫

R|Fθ(t)− Fθ?(t)− 〈θ − θ?, Dθ?(t)〉|dt = o(‖θ − θ?‖H), as ‖θ − θ?‖H → 0.

Proof. ∫
R
|Fθ(t)− Fθ?(t)− 〈θ − θ?, Dθ?(t)〉|dt

=

∫
S

∣∣∣∣∫ t

−∞
ξ2
θ(y)− ξ2

θ?(y)− 2ξθ?(y)〈θ − θ?, ξ̇θ?(y)〉dy
∣∣∣∣ dt
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≤
∫
S

∫
R
|ξ2
θ(y)− ξ2

θ?(y)− 2ξθ?(y)〈θ − θ?, ξ̇θ?(y)〉|dydt

≤ c
∫
R
〈θ − θ?, ξ̇θ?(y)〉2 +R2

θ−θ?(y) + 2|ξθ?(y)Rθ−θ?(y)|+ 2|〈θ − θ?, ξ̇θ?(y)〉Rθ−θ?(y)|dy

= o(‖θ − θ?‖H),

where c is some constant and the last equality follows by applying the Cauchy-Schwarz inequality to the two last terms
of the integrand.

3 MEWE

3.1 Existence, measurability, and consistency

In order to show similar results for the MEWE, we introduce the following assumptions.

Assumption 3.1. For any m ≥ 1, if ρH(θn, θ)→ 0, then µ(m)
θn
⇒ µ

(m)
θ as n→∞.

Assumption 3.2. If ρH(θn, θ)→ 0, then EnWp(µθn , µ̂θn,n)→ 0 as n→∞.

Assumption 3.1 is a slightly stronger version of Assumption 2.2, stating that we not only need weak convergence
of the “model” distributions µθ, but also of the sample distributions µ(m)

θ for any m ≥ 1. Assumption 3.2 is implied
by supθ∈H EnWp(µθ, µ̂θ,n) → 0, which in turn might hold when H is compact and the inequalities in Fournier and
Guillin (2015) hold. In the next result, we prove an analogous version of Theorem 2.1 for the MEWE as min{n,m} →
∞. For simplicity, we write m as a function of n and require that m(n)→∞ as n→∞.

Theorem 3.1. Under Assumptions 2.1-2.3 and 3.1-3.2, there exists a set E ⊂ Ω with P(E) = 1 such that, for all
ω ∈ E, infθ∈H Em(n)Wp(µ̂n(ω), µ̂θ,m(n))→ infθ∈HWp(µ?, µθ), and there exists n(ω) such that, for all n ≥ n(ω),
the sets argmin θ∈HWp(µ̂n(ω), µ̂θ,m(n)) are non-empty and form a bounded sequence with

lim sup
n→∞

argmin
θ∈H

Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) ⊂ argmin
θ∈H

Wp(µ?, µθ).

Proof of Theorem 3.1. As before, for any ν ∈ P(Y), lower semicontinuity of the map θ 7→ Wp(ν, µθ) follows from
Lemma 1.1, via Assumption 2.2. Since infθ∈HWp(µ?, µθ) = ε?, B?(ε) with the ε of Assumption 2.3 is non-
empty, by definition of the infimum. Moreover, since θ 7→ Wp(µ?, µθ) is lower semicontinuous, the set B?(ε) is
closed. By Assumption 2.3, B?(ε) is therefore compact. In other words, again by lower semicontinuity, the set
argmin θ∈HWp(µ?, µθ) is non-empty.

We show that θ 7→ Em(n)Wp(µ̂n, µ̂θ,m(n)) epi-converges to θ 7→ Wp(µ?, µθ) P-almost surely. Let E denote the
set of probability one from Assumption 2.1 and let ω ∈ E. Fix K ⊂ H compact. By lower semicontinuity of θ 7→
Em(n)Wp(µ̂n(ω), µ̂θ,m(n)), ensured by Lemma 1.2 and Assumption 3.1, we know that infθ∈K Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) =

Em(n)Wp(µ̂n(ω), µ̂θn,m(n)), for some sequence θn = θn(ω) ∈ K. Hence,

lim inf
n→∞

inf
θ∈K

Em(n)Wp(µ̂n(ω), µ̂θ,m(n))

= lim inf
n→∞

Em(n)Wp(µ̂n(ω), µ̂θn,m(n))

= lim
k→∞

Em(nk)Wp(µ̂nk(ω), µ̂θnk ,m(nk)) ∃ subsequence converging to the lim inf ,

= lim
`→∞

Em(nk` )
Wp(µ̂nk` (ω), µ̂θnk` ,m(nk` )

) ∃ subsequence θnk` → θ̄ ∈ K by compactness,
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= lim inf
`→∞

Em(nk` )
Wp(µ̂nk` (ω), µ̂θnk` ,m(nk` )

)

≥ lim inf
`→∞

[Wp(µ̂nk` (ω), µθnk`
)− Em(nk` )

Wp(µθnk`
, µ̂θnk` ,m(nk` )

)] by the triangle inequality,

≥ lim inf
`→∞

Wp(µ̂nk` (ω), µθnk`
)− lim sup

`→∞
Em(nk` )

Wp(µθnk`
, µ̂θnk` ,m(nk` )

)

≥ Wp(µ?, µθ̄) by l.s.c., Assumptions 2.1, 2.2 and 3.2, ω ∈ E,

≥ inf
θ∈K
Wp(µ?, µθ).

Fix O ⊂ H open. By definition of the infimum, there exists a sequence θn ∈ O such that Wp(µ?, µθn) →
infθ∈OWp(µ?, µθ). Now, infθ∈O Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) ≤ Em(n)Wp(µ̂n(ω), µ̂θn,m(n)). Hence,

lim sup
n→∞

inf
θ∈O

Em(n)Wp(µ̂n(ω), µ̂θ,m(n))

≤ lim sup
n→∞

Em(n)Wp(µ̂n(ω), µ̂θn,m(n))

≤ lim sup
n→∞

[Wp(µ̂n(ω), µ?) +Wp(µ?, µθn) + Em(n)Wp(µθn , µ̂θn,m(n))] by the triangle inequality,

= lim sup
n→∞

Wp(µ?, µθn) by Assumptions 2.1 and 3.2, ω ∈ E,

= inf
θ∈O
Wp(µ?, µθ) by definition of θn.

Theorem 7.29b) of Rockafellar and Wets (2009) implies that

lim sup
n→∞

( inf
θ∈H

Em(n)Wp(µ̂n(ω), µ̂θ,m(n))) ≤ inf
θ∈H
Wp(µ?, µθ) = ε?.

Hence, for all α > 0, there exists nα(ω), such that n ≥ nα(ω) implies that infθ∈H Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) ≤
ε? + α. Let α ∈ (0, ε/3). The set {θ ∈ H : Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) ≤ ε? + ε/3} is non-empty for n ≥
nα(ω), by definition of the infimum. Let θ belong to this set. Then, by the triangle inequality, Wp(µ?, µθ) ≤
Wp(µ̂n(ω), µ?) + Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) + Em(n)Wp(µθ, µ̂θ,m(n)). By Assumption 2.1, there exists an nε(ω)

such that for n ≥ nε(ω), Wp(µ̂n(ω), µ?) ≤ ε/3. By Assumption 3.2, there exists an n̂(ω) such that for n ≥
n̂(ω), Em(n)Wp(µθ, µ̂θ,m(n)) ≤ ε/3. So, if n ≥ max{nα(ω), nε(ω), n̂(ω)}, we have that Wp(µ?, µθ) ≤ ε? +

ε. This means that {θ ∈ H : Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) ≤ ε? + ε/3} ⊂ B?(ε). As a consequence, for n ≥
max{nα(ω), nε(ω), n̂(ω)}, infθ∈H Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) = infθ∈B?(ε) Em(n)Wp(µ̂n(ω), µ̂θ,m(n)).

By Theorem 7.31a) of Rockafellar and Wets (2009), we have infθ∈H Em(n)Wp(µ̂n(ω), µ̂θ,m(n))→ infθ∈HWp(µ?, µθ).
Also, for n ≥ max{nα(ω), nε(ω), n̂(ω)} and by the same reasoning as for the map θ 7→ Wp(µ?, µθ), the sets
argmin θ∈H Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) are non-empty. By Theorem 7.31b) of Rockafellar and Wets (2009), the re-
sult follows. The same argument holds for εn- argmin θ∈H Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) with εn → 0, since, eventually,
infθ∈H Em(n)Wp(µ̂n(ω), µ̂θ,m(n)) + εn ≤ ε? + α.

3.2 Convergence to the MWE

The next result considers the case where the data and n is fixed, while m→∞. It shows that the MEWE converges to
the MWE, assuming the latter exists. We summarize this condition in the following assumption, in which the observed
empirical distribution is kept fixed and εn = infθ∈HWp(µ̂n, µθ).

Assumption 3.3. For some ε > 0, the set Bn(ε) = {θ ∈ H :Wp(µ̂n, µθ) ≤ εn + ε} is bounded.
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Theorem 3.2. Under Assumptions 2.2 and 3.1-3.3, infθ∈H EmWp(µ̂n, µ̂θ,m)→ infθ∈HWp(µ̂n, µθ), and there exists
an m̂ such that, for all m ≥ m̂, the sets argmin θ∈H EmWp(µ̂n, µ̂θ,m) are non-empty and form a bounded sequence
with

lim sup
m→∞

argmin
θ∈H

EmWp(µ̂n, µ̂θ,m) ⊂ argmin
θ∈H

Wp(µ̂n, µθ).

Proof of Theorem 3.2. Lower semicontinuity of the map θ 7→ Wp(µ̂n, µθ) follows from Lemma 1.1, via Assumption
2.2. Since infθ∈HWp(µ̂n, µθ) = εn, Bn(ε) with the ε of Assumption 2.3 is non-empty, by definition of the infimum.
Moreover, since θ 7→ Wp(µ̂n, µθ) is lower semicontinuous, the set Bn(ε) is closed. By Assumption 3.3, Bn(ε) is
therefore compact. In other words, again by lower semicontinuity, the set argmin θ∈HWp(µ̂n, µθ) is non-empty.

We show that θ 7→ EmWp(µ̂n, µ̂θ,m) epi-converges to θ 7→ Wp(µ̂n, µθ) as m → ∞. Fix K ⊂ H compact.
By lower semicontinuity of θ 7→ EmWp(µ̂n, µ̂θ,m), ensured by Lemma 1.2 and Assumption 3.1, we know that
infθ∈K EmWp(µ̂n, µ̂θ,m) = EmWp(µ̂n(ω), µ̂θm,m), for some sequence θm ∈ K. Hence,

lim inf
m→∞

inf
θ∈K

EmWp(µ̂n, µ̂θ,m)

= lim inf
m→∞

EmWp(µ̂n, µ̂θm,m)

= lim
k→∞

EmkWp(µ̂n, µ̂θmk ,mk) ∃ subsequence converging to the lim inf ,

= lim
`→∞

Emk`Wp(µ̂n, µ̂θmk` ,mk`
) ∃ subsequence θmk` → θ̄ ∈ K by compactness,

= lim inf
`→∞

Emk`Wp(µ̂n, µ̂θmk` ,mk`
)

≥ lim inf
`→∞

[Wp(µ̂n, µθmk`
)− Emk`Wp(µθmk`

, µ̂θmk` ,mk`
)] by the triangle inequality,

≥ lim inf
`→∞

Wp(µ̂n, µθmk`
)− lim sup

`→∞
Emk`Wp(µθmk`

, µ̂θmk` ,mk`
)

≥ Wp(µ̂n, µθ̄) by l.s.c., Assumptions 2.2 and 3.2,

≥ inf
θ∈K
Wp(µ̂n, µθ).

Fix O ⊂ H open. By definition of the infimum, there exists a sequence θm ∈ O such that Wp(µ̂n, µθm) →
infθ∈OWp(µ̂n, µθ). Now, infθ∈O EmWp(µ̂n, µ̂θ,m) ≤ EmWp(µ̂n, µ̂θm,m). Hence,

lim sup
m→∞

inf
θ∈O

EmWp(µ̂n, µ̂θ,m) ≤ lim sup
m→∞

EmWp(µ̂n, µ̂θm,m)

≤ lim sup
m→∞

[Wp(µ̂n, µθm) + EmWp(µθm , µ̂θm,m)] by the triangle inequality,

= lim sup
m→∞

Wp(µ̂n, µθm) by Assumption 3.2,

= inf
θ∈O
Wp(µ?, µθ) by definition of θm.

Theorem 7.29b) of Rockafellar and Wets (2009) implies that

lim sup
m→∞

( inf
θ∈H

EmWp(µ̂n, µ̂θ,m)) ≤ inf
θ∈H
Wp(µ̂n, µθ) = εn.

Hence, for all α > 0, there exists mα, such that for m ≥ mα, infθ∈H EmWp(µ̂n, µ̂θ,m) ≤ εn + α. Let α ∈ (0, ε/2).
The set {θ ∈ H : EmWp(µ̂n, µ̂θ,m) ≤ εn + ε/2} is non-empty for m ≥ mα, by definition of the infimum. Let
θ belong to this set. Then, by the triangle inequality, Wp(µ̂n, µθ) ≤ EmWp(µ̂n, µ̂θ,m) + EmWp(µθ, µ̂θ,m). By
Assumption 3.2, there exists an m̂ such that for m ≥ m̂, EmWp(µθ, µ̂θ,m) ≤ ε/2. So, if m ≥ max{mα, m̂}, we have
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thatWp(µ?, µθ) ≤ εn + ε. This means that {θ ∈ H : EmWp(µ̂n, µ̂θ,m) ≤ εn + ε/2} ⊂ Bn(ε). As a consequence,
for m ≥ max{mα, m̂}, infθ∈H EmWp(µ̂n, µ̂θ,m) = infθ∈Bn(ε) EmWp(µ̂n, µ̂θ,m).

By Theorem 7.31a) of Rockafellar and Wets (2009), we know that infθ∈H EmWp(µ̂n, µ̂θ,m)→ infθ∈HWp(µ̂n, µθ)

as m → ∞. Also, for m ≥ max{mα, m̂} and by the same reasoning as for the map θ 7→ Wp(µ̂n, µθ), the sets
argmin θ∈H EmWp(µ̂n, µ̂θ,m) are non-empty. By Theorem 7.31b) of Rockafellar and Wets (2009), the result fol-
lows.

Theorem 3.3 (Measurability of the MEWE). Suppose thatH is a σ-compact Borel measurable subset of Rdθ . Under
Assumption 3.1, for any n ≥ 1 and m ≥ 1 and ε > 0, there exists a Borel measurable function θ̂n,m : Ω → H that
satisfies

θ̂n,m(ω) ∈

argmin θ∈H EmWp(µ̂n(ω), µ̂θ,m), if this set is non-empty,

ε- argmin θ∈H EmWp(µ̂n(ω), µ̂θ,m), otherwise.

Proof. The proof is identical to that of Theorem 2.2, applying Lemma 1.2 instead of 1.1.

4 Checking the assumptions

The following proposition gives three data-generating mechanisms for whichWp(µ̂n, µ?)→ 0 P-almost surely, which
is Assumption 2.1. The three conditions below are mainly chosen for illustrative purposes, and are by no means
exhaustive. We first give definitions that are used in the conditions. We denote by F the measurable sets of Ω.

Definition 4.1. The stochastic process Y = (Yt)t∈Z is stationary if for any k ∈ N and τ, t1, . . . tk ∈ Z we have that
(Yt1 , . . . , Ytk) and (Yt1+τ , . . . , Ytk+τ ) have the same distribution.

Definition 4.2. The map T : Ω→ Ω is P-measure preserving if P(T−1(A)) = P(A) for all A ∈ F .

Definition 4.3. The map T : Ω → Ω is P-ergodic if it is P-measure preserving, and such that for all A ∈ F with
T−1(A) = A we have that P(A) = 0 or P(A) = 1. The stochastic process Y = (Yt)t∈Z is ergodic if it can be
represented by Yt = Y0 ◦ T t for some ergodic T and some random variable Y0.

Definition 4.4. The stochastic process Y = (Yt)t∈Z is α-mixing with mixing coefficients

αt = sup
k∈Z

sup
A∈Fk−∞,B∈F∞k+t

|P(A ∩B)− P(A)P(B)|,

if αt → 0 as t→∞, where Fk−∞ = σ(Yi : i ≤ k) and F∞k = σ(Yi : i ≥ k).

Proposition 4.1. Suppose that Y = (Yt)t∈Z is a stochastic process such that either

1. Y ∼ µ∞? , for some µ? ∈ Pp(Y), i.e. the observations are i.i.d, or

2. (Yt)t∈Z is ergodic and stationary, represented by Yt = Y0 ◦ T t, where Y0 ∼ µ? ∈ Pp(Y) and T is an ergodic,
measure preserving map, or

3. (Yt)t∈Z is α−mixing with mixing coefficients αt such that
∑∞
t=1 α

1−1/2r
t < ∞, with Yt ∼ µt such that µt

converges weakly to µ? in Pp(Y) and satisfies supt E‖Yt‖
q
Y < ∞ for some 1 ≤ max(r, p) < q < 2r (where it

is assumed ρ(x, y) = ‖x− y‖Y for simplicity).
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Then there exists a set E ∈ F with P(E) = 1 such that, for all ω ∈ E,Wp(µ̂n(ω), µ?)→ 0.

Proof. Under condition 1., Theorem 3 in Varadarajan (1958a) establishes that there exists a set E1 with P(E1) = 1

such that for all ω ∈ E1, µ̂n(ω) converges weakly to µ?. By the strong law of large numbers, there exist a set E2 with
P(E2) = 1 and an x0 ∈ X such that

∫
X ρ(x, x0)pdµ̂n(ω)(x)→

∫
X ρ(x, x0)pdµ?(x) for all ω ∈ E2. Then, in light of

Theorem 1.1, the claim holds on E = E1 ∩ E2.

Consider condition 2. By Varadarajan (1958b), there exists a fixed countable set C? of continuous and bounded
functions on Y , such that for any sequence of measures µn on Y , µn converges weakly to µ if and only if

∫
fdµn →∫

fdµ for all f ∈ C?. Fix f ∈ C?. We know that f ◦ Y0 is measurable and that E|f ◦ Y0| < ∞ since f is bounded,
so by Birkhoff’s ergodic theorem there exists a set Ef such that P(Ef ) = 1 and

∫
Y
fdµ̂n(ω) =

1

n

n∑
t=1

f(Yt(ω)) =
1

n

n∑
t=1

f ◦ Y0 ◦ T t(ω)→
∫
Y
fdµ?,

for all ω ∈ Ef . Moreover, since µ? ∈ Pp(Y) we know
∫
Y ρ(y, y0)pdµ?(y) < ∞ and that there exists a set E0 with

P(E0) = 1 such that ∫
ρ(y, y0)pdµ̂n(y)(ω)→

∫
ρ(y, y0)pdµ?(y),

for all ω ∈ E0. Since C? is countable we know that P(∩f∈C?Ef ∩ E0) = 1. In other words, this means that
Wp(µ̂n(ω), µ?)→ 0 for all ω ∈ E = ∩f∈C?Ef ∩ E0.

Under condition 3., we first note that since (Yt)t∈Z is α−mixing, then so is (f ◦Yt)t∈Z for any measurable f , with
mixing coefficients bounded above by αt since σ(f(Yi) : i ≤ k) ⊂ σ(Yi : i ≤ k). Also, since µt converges weakly to
µ? in Pp(Y) we have that for all f ∈ C?,

1

n

n∑
t=1

∫
Y
fdµt →

∫
Y
fdµ?,

and
1

n

n∑
t=1

∫
Y
‖y‖pYdµt(y)→

∫
Y
‖y‖pYdµ?(y).

By Hansen (1991) Corollary 4, we know that for all f ∈ C? we have that the zero-mean, α-mixing sequence f(Yt)−∫
Y fdµt satisfies

1

n

n∑
t=1

{
f(Yt)−

∫
Y
fdµt

}
→ 0 P-almost surely.

Similarly,
1

n

n∑
t=1

{
‖Yt‖pY −

∫
Y
‖y‖pYdµt(y)

}
→ 0 P-almost surely.

Together this gives us that ∫
Y
fdµ̂n =

1

n

n∑
t=1

f(Yt)→
∫
Y
fdµ? P-almost surely.
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and ∫
Y
‖y‖pYdµ̂n(y) =

1

n

n∑
t=1

‖Yt‖pY →
∫
Y
‖y‖pYdµ?(y) P-almost surely.

Then, again by the countability of C?, we can conclude thatWp(µ̂n(ω), µ?) → 0 for all ω in a set E defined analo-
gously to the one for the second set of conditions.

The following proposition can be used to verify Assumption 2.4.

Proposition 4.2. Suppose that either of the conditions of Lemma 1.1 holds. Suppose that there exists a proper, con-
nected and compact subset S ⊂ Hwith positive Lebesgue measure such that infθ∈H\SWp(µ?, µθ) > infθ∈HWp(µ?, µθ).

Then there exists a θ? attaining the infimum of θ 7→ Wp(µ?, µθ). If θ? is unique, then it is well-separated.

Proof. Since θ 7→ Wp(µ?, µθ) is continuous/lower semicontinuous, it attains a minimum θ? on S. This is also the
global minimum by the assumption on S. If θ? is unique, it is well-separated in the sense of Assumption 2.4, for all
ε > 0, there exists δ > 0 such that

inf
θ∈H:ρH(θ,θ?)≥ε

Wp(µ?, µθ) >Wp(µ?, µθ?) + δ.

Indeed, let ε > 0, and consider {θ ∈ H : ρH(θ, θ?) ≥ ε}. Either the set is contained in H \ S , and thus well-
separation follows, or, {θ ∈ H : ρH(θ, θ?) ≥ ε} ∩ S is not empty. Then we show that it is compact. Since S is
compact, there exists ε̄ ≥ ε such that S ⊂ {θ ∈ H : ρH(θ, θ?) ≤ ε̄}. Therefore {θ ∈ H : ρH(θ, θ?) ≥ ε} ∩ S =

{θ ∈ H : ε̄ ≥ ρH(θ, θ?) ≥ ε} ∩ S . Now {θ ∈ H : ε̄ ≥ ρH(θ, θ?) ≥ ε} is compact. An intersection of compact
sets is compact. Therefore, θ 7→ Wp(µ?, µθ) being continuous/lower semicontinuous, an infimum is attained on
{θ ∈ H : ρH(θ, θ?) ≥ ε} ∩ S , and by uniqueness of θ?, well-separation follows.
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Measures. Birkhäuser Verlag AG, Basel, second edition. 5

Bassetti, F., Bodini, A., and Regazzini, E. (2006). On minimum Kantorovich distance estimators. Statistics & proba-
bility letters, 76(12):1298–1302. 1, 4

Brown, L. D. and Purves, R. (1973). Measurable selections of extrema. Annals of Statistics, 1(5):902–912. 4

Dede, S. (2009). An empirical central limit theorem in l1 for stationary sequences. Stochastic Processes and their
Applications, 119:3494 – 3515. 5, 6
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