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1 Sequential Monte Carlo sampler for ABC posteriors

To approximate ABC posterior distributions, we apply an SMC algorithm which leads to an automatic choice
of decreasing thresholds (e;), is parallelizable over the particles, and can leverage any MCMC kernel within
the rejuvenation step. Choices of Markov kernel and adaptation rule for the thresholds are discussed in
Sections 1.1 and 1.2. For dependent data, the algorithm can be readily modified to include reconstructions
or curve-matching. We write © for a generic distance between data sets in this section.

Let N be the number of particles, and g = co. The first step goes as follows.

1. Sample 6}, ...,0Y from the prior 7, set wk = N~ forall k € 1: N.

(n

2. For each k € 1: N, sample 2§, from ”ek)7 and compute the distance df = D (y1.,, 2¥,,).
0

3. Based on (0§)N_, and (df)Y_,, compute the next threshold e;; see Section 1.2.

To approximate 7°* based on the samples approximating 7¢t~* perform the following for ¢t > 1.
1. Define the weight w! oc 1(df_, < &) for all k € 1: N, and normalize the weights.
2. Sample ancestor indices a)_;,...,a ; such that P(a¥_ | = j) = w] for all jk€1:N.

k
3. Sample 0 from K¢t (ij’ll, -), a Markov kernel leaving n°* invariant, and store the associated distance

d¥ and synthetic data set 2%, for all k € 1 : N; this is the rejuvenation step, see Section 1.1.
4. Based on (0F)N_, and (df)Y_,, compute the next threshold £;1; see Section 1.2.

We use systematic resampling to obtain a;y at step ¢, noting that other resampling schemes exist with

varying degrees of parallelism (Murray et al., 2016).

1.1 Choice of Markov kernels

Any choice of kernel K¢ leaving ¢ invariant would be valid, the simplest arguably being the kernel of
Marjoram et al. (2003), i.e. a standard pseudo-marginal Metropolis—Hastings kernel. This kernel tends to
be less and less effective at diversifying the particles as € goes to zero, which can be compensated for by
iterating the kernel more and more times. Instead, we use the r-hit kernel of Lee (2012), and Algorithm 6
of that paper in particular, which automatically adapts the computational budget of the kernel to the value
of €; see Lee and Latuszynski (2014) for a theoretical comparison of MCMC kernels for ABC-type targets.
Starting from a value 6 and an associated distance d, the kernel works as follows, based on a desired number

of hits r > 2 and a proposal distribution g(-|f) on the parameter space.
1. For i > 1, sample 0" ~ g(:|f) and 2%, ~ ugfi), until Z;Zl 1D (Y1im, 2.,,) <) =r. Let K" =i.
2. Sample an index L uniformly among {j € {1,..., K’ — 1} : 1(®(y1.n, #1.,) < &)}
3. For i > 1, sample 6% ~ g(-|0’F) and ¢, ~ ,ugf), until Z;Zl 1@ (yrm,xl,) <e)=r—1. Let K =1.

4. With probability

n (1, T80 K
AN TT0) g0t K —1)°

output 6% and the distance D (y1.,, 2%,,); otherwise output @ and d.



We use r = 2 as a default choice. The proposal distribution g(-|@) can be adapted based on the particles
(wf,ﬁfﬁl)gzl at step ¢, which approximate n°t. By default, we can fit a parametric distribution on the
particles, such as a Normal distribution using the empirical mean and covariance matrix of the particles. In
the numerical experiments, we define g(-|#) as a mixture of 5 multivariate Normal distributions, fitted on

the particles available at step ¢, to partially accommodate non-Gaussian features of the target.

1.2 Adaptation of thresholds

The SMC framework allows the automatic adaptation of thresholds (see e.g. Del Moral et al., 2012; Silk
et al., 2013). A simple approach consists in choosing £;11 such that the effective sample size computed on
the resulting weights (wf, )N, defined as ESS;1 = (X p_, (wk,;)?) "1, is above a certain value, e.g. N/2.
We use a slightly different approach, motivated by the fact that multiple particles might be identical at any
step t > 1 of the SMC sampler. Indeed, the resampling step leads to duplicate values, which the MCMC
steps only partially diversify. Criteria that are based solely on the weights fail to account for this potential
lack of diversity.

We define a diversity parameter «, set to 0.5 by default, which indicates the desired minimum proportion
of unique particles within our sample, at all steps. The idea is to find €;y1 such that, upon resampling the
particles using weights wa o 1(dF < 441), we obtain at least a proportion « of unique particles. This is
complicated by the randomness of the resampling step. Therefore, we clamp that randomness by drawing
the uniform variables of the resampling step and keeping them fixed during the calculation of €,47. The
proportion of unique particles after resampling is then a deterministic function of ¢, denoted by f(g). We
could define £,41 as the value ¢ in the interval [0,&;] such that f(¢) = «. Since that equality might not be
achievable, we use a numerical optimizer to minimize |f(¢) — | over € € [0,&].

As a result, the sequence of thresholds (e;) decreases, but only if the MCMC steps have managed to
diversify the particles. We can let the SMC sampler run indefinitely, saving the particles and distances
obtained at every step t. We can decide to stop the algorithm if the sequence of thresholds (¢;) does not
decrease anymore, or if the cost of each step becomes prohibitive. We can otherwise run the algorithm for a

given wall-clock time, or a given number of model simulations.

2 Theoretical properties: proofs and more

2.1 Preliminary results

A sequence of probability measures (i, ),>1 is said to converge weakly in P,(Y) to u as n — oo if p, = p, i.e.

converges weakly in the usual sense, and there exists yg € ) such that fy (Y, yo)Pdun(y) — fy (Y, yo)Pdu(y).

Theorem 2.1. The p- Wasserstein distance metrizes weak convergence in Pp(Y): a sequence p, converges
weakly to p in Pp(Y) if and only if Wy (i, 1) — 0.

For a proof, see Villani (2008, Theorem 6.9). From this result one can deduce the continuity of the
p-Wasserstein distance. If p, and v, converge weakly in P,()) to p and v, then 20, (pn, vn) — 20, (1, v).
On the other hand, if u,, and v,, converge weakly in the usual sense, the Wasserstein distance is only lower
semicontinuous: liminf, oo 20, (pin, vn) > Wy (u, v). The following lemma is extended from Bassetti et al.

(2006). Tts second condition corresponds to Assumption 2.2, and is implied by the first condition.

Lemma 2.1. Let (6,)n>1 be a sequence in H and 6 € H. Suppose either of the following conditions holds.



1. py(0,,0) — 0 implies that 2, (pe,, , o) — 0.
2. pu(0,,0) — 0 implies that pg, = po.
Then, respectively,
1. HxPp(Y) > (0, 1) — Wy(ug, 1) is continuous.
2. HxP(Y) > (0,u) — W,(1e, ) is lower semicontinuous.

Proof. This follows directly from the two assumptions and the continuity/lower semicontinuity derived from
Theorem 2.1. O

Lemma 2.2. Suppose ,u,(cm) p™)  There exists a probability space and versions of fik,m and fim,, denoting

empirical distributions based on draws from u( ™) and p™) | such that fk,m = fm almost surely.

Proof. By Skorokhod’s representation theorem, there exists a probability space (If”, Q, f]) and random vari-
ables X’,i’m ~ p;m) and X' ~ p(™) such that X’,i:m — XU P-almost surely. Let fk,m and fi, be the
empirical distributions of these samples. By Varadarajan (1958b) and since ) is separable, there exists a
fixed countable subset C* of continuous and bounded functions on ), such that for any sequence of measures
pn € P(Y), pin converges weakly to p if and only if [ fdu, — [ fdu for all f € C*. Fix one such f. Then,

1 & 1 &
[t =+ Do = 3 = )= [ fdin,
i= i=1
on a set of P-probability one, by the continuous mapping theorem. Taking the countable intersection of these

sets over f € C*, we get that fixm = fim P-almost surely. O

Lemma 2.3. The function (v, u™) s B, (v, fi,) is lower semz’continuous with respect to weak conver-

gence. Furthermore, if py (0n,0) — 0 implies that ug:) = Ua , then the map (v,0) — E0,(v, flg.m) s

lower semicontinuous.

Proof. Let ufcm) = 1™ and v}, = v. Then there exist versions of the corresponding empirical measures such
that fgm = fin almost surely, by Lemma 2.2. By the lower semicontinuity of the p-Wasserstein distance

and Fatou’s lemma,
E, (v, i) < E likm inf W, (v, Lk, m) < likm inf B0, (Vi fe,m)-
—00 —00

The lower semicontinuity of (v,6) — E20,(v, fig.m) is proved analogously to Lemma 2.1. O

2.2 MWE
2.2.1 Existence, measurability and consistency

Assumption 2.1. The data-generating process is such that 2y (fin, x) — 0, P-almost surely.
Assumption 2.2. The map 6 — g is continuous in the sense that p (0,,0) — 0 implies po, = ug.
For the next assumption, define &, as infgey 20, (t«, to); we will use this definition throughout.

Assumption 2.3. For some e > 0, the set Bi(e) = {0 € H : W, (i, pto) < €4 + €} is bounded.



Theorem 2.2 (Existence and consistency of the MWE). Under Assumptions 2.1-2.3, there exists a set
E C Q withP(E) =1 such that, for allw € E, infoey W, (fin (W), po) — infoer W, (1x, ptg), and there exists
n(w) such that, for all n > n(w), the sets argmin ycqy W, (fin (W), o) are non-empty and form a bounded
sequence with

lim sup argmin 20, (fin(w), o) C argmin W, (s, f6)-
n—00 0eH 0EH

Before giving the proof, we recall a definition and a proposition.

Definition 2.1. A sequence of functions f, : H — R is said to epi-converge to f : H — R if for all § € H,

liminf, oo fr(0n) > f(0) for every sequence 6,, — 6,

limsup,, o fn(0n) < f(8) for some sequence 6,, — 6.

A useful equivalent formulation of epi-convergence can be found in Proposition 7.29 of Rockafellar and
Wets (2009), paraphrased here.

Proposition 2.1 (Proposition 7.29 of Rockafellar and Wets (2009)). The sequence f,, : H — R epi-converges
to f:H — R if and only if

liminf,, o infgex fn(6) > infocxc f(0)  for every compact set K C H,
limsup,,_, . infpeo fn(0) < infgeo f(0) for every open set O C H.

In an colloquial sense, epi-convergence is the weakest notion of convergence for which the minimizer of f,
converges to the minimizer of f. Showing that the function  +— 20,,(fin, i) epi-converges to § — 20, (1ix, o)
almost surely is the key step in the proof of Theorem 2.2.

Proof of Theorem 2.2. First note that, for any v € P(Y), the lower semicontinuity of the map 6 — 20, (v, ug)
follows from Lemma 2.1, via Assumption 2.2. Since infgep W (x, o) = €4, the set B, (e) with the € of
Assumption 2.3 is non-empty, by definition of the infimum. Moreover, since 8 — 2, (s, o) is lower
semicontinuous, the set B,(e) is closed. By Assumption 2.3, B,(¢) is therefore compact. In other words,
again by lower semicontinuity, the set argmin gcqy 20, (14, f) is non-empty.

We now show that 6 — 20, (fi,, pte) epi-converges to 6 — 20, (pu«, o) P-almost surely. Let E denote the
set of probability one from Assumption 2.1 and let w € E. Fix K C H compact. By lower semicontinuity of
0 — W, (fin(w), o), we know that infoexc 0, (fin (W), po) = Wy (ftn(w), pg,, ), for some sequence 6, = 6, (w) €
K. Hence,

liminf inf 90, (fi, (w), pe) = lim inf 9, (i, (w), pa,, )

n—oo ek n— 00

= klim W, (fin, (w), po,, ) 3 subsequence converging to the liminf,
— 00

= lim W, (fn,,, (w),pe,, ) 3 subsequence by, —— 6 € K by compactness,

m— 00
= I%Iglglof an (lankm (OJ), /J9nkm )
> 20, (tx, tg) by Ls.c., Assumptions 2.1 and 2.2 , w € E,
> inf .
= Inf Wy (4, po)



Fix O C H open. By definition of the infimum, there exists a sequence 6,, € O such that 20, (ux, e, ) —
infgco Wy (s, o). Now, infgco Wy (fin(w), o) < Wy (fin(w), po,, ). Hence,

limsup inf 20, (i (w), 10) < limm up W, (i (@), 10,)

n—oo n—oo

< lim sup (W, (fn (W), tx) + Wy (s, pro,,)) by the triangle inequality,

n—oo

< lim sup Wy, (fin, (w), pt) + lim sup W, (4, fe, ) by positivity,
n—oo

n—roo

= lim sup 20, (s, tt9,,) by Assumption 2.1, w € E,

n—oo
= ég(fg W, (s, fto) by definition of 6,,.

Using Proposition 2.1, the sequence of functions 8 +— 20, (i, (w), ite) epi-converges to 8 — 20, (fix, o).

Theorem 7.29b) of Rockafellar and Wets (2009) implies that limsup,,_, . (infoer W, (fn(w), pe)) <
infgep W,y (1s, o) = €x. So, for all & > 0, there exists nq (w), such that for n > ny (w), infgey W, (fin(w), pg) <
ex +a. Let a € (0,6/2). The set {8 € H : W, (fn(w), o) < ex +€/2} is non-empty for n > ny(w),
by definition of the infimum. Let € belong to this set. Then, by the triangle inequality, 20, (g, pto) <
W, (fin (W), fti) + Wy (fin(w), g). By Assumption 2.1, there exists an n.(w) such that for n > n.(w),
W, (fin(w), ) < €/2. So, if n
that {6 € H : W,(f,(w), 1e)
infger W (fin(w), o) = infoep, (o) W (fin (W), 116)-

By Theorem 7.31a) of Rockafellar and Wets (2009), this implies infgey 20, (fin(w), o) — infocr Whp (Lex, 6)-
Also, for n > max{n,(w),ne(w)} and by the same reasoning as for the map 6 — 2, (s, f10), the sets

> max{nq(w),ne(w)}, we have that 20, (p, g) < €, + . This means
< &y +¢/2} C B.(e). As a consequence, for n > max{ng,(w),n.(w)},

argmin gcqy W (fin (w), o) are non-empty. By Theorem 7.31b) of Rockafellar and Wets (2009), the re-
sult follows. The same argument holds for e,-argmin ycq; W, (2 (w), 1e) with €, — 0, since, eventually,
infGE?-t an(ﬂn(w)7 ,U'G) +en <exta.

O

Theorem 2.3 (Measurability of the MWE). Suppose that H is a o-compact Borel measurable subset of R%.
Under Assumption 2.2, for any n > 1 and € > 0, there exists a Borel measurable function 0, : Q — H that

satisfies

() argmin geqy W, (fin (w), po), if this set is non-empty,
w) €
! e-argmin geqy W, (fin (W), o), otherwise.

Before the proof, we first recall a useful result from Brown and Purves (1973), also used in Bassetti et al.
(2006).

Theorem 2.4 (Corollary 1 in Brown and Purves (1973)). Let X,Y be Polish, D CY x X be Borel, and
f: D — R be Borel measurable. Suppose that for all y € proj(D), the section D, = {x : (y,z) € D} is
o-compact and that f, = f(y,-) is lower semicontinuous with respect to the relative topology on D,. Then

1. The sets G = proj(D) and I = {y € G : for somex € D,, f(y,z) =inf f,} are Borel.



2. For each ¢ > 0, there exists a Borel measurable function ¢. such that fory € G,

= inf f, ify el
Sy, 0-(y)) § <e+inf f, ify¢ I,inf f, # —oo.
< -t ify ¢ I,inf f, = —oc0.

Proof of Theorem 2.3. First note that Y*° endowed with the product topology is Polish since (), p) is Polish.
Also, fin(w) depends on w only through y = Y (w), where Y = (Y3)iez. We can therefore write fi, (w) = fin(y),
where y € Y°°, and consider the empirical measure a function on Y>°. The map y — fi,(y) is measurable
with respect to the Borel o-algebra on P,()) with respect to weak convergence. Recall also that (P,(Y),20,)
is Polish since Y is Polish by Theorem 6.18 of Villani (2008).

Let D = Y*°x#H. By Lemma 2.1 and Assumption 2.2, the map (u, ) — 20, (1, tt9) is lower semicontinuous
(and therefore measurable). Hence the map 6 — 20,(fi, (), g) is also lower semicontinuous on A for any
y € Y*°. Being the composition of measurable functions, (y,8) — 20,(f,(y), 1g) is measurable on D. In
light of this, the result follows by a direct application of Theorem 2.4.

O

2.2.2 Asymptotic distribution

Let p=1,Y =R, and p(z,y) = |z — y|. This implies that W (u,v) = f01|F;1(s) — Fyl(s)|ds = [ Fu(t) —
F,(t)|dt , where F,, and F, denote the cumulative distribution functions (CDFs) of p and v respectively (see
e.g. Ambrosio et al., 2005, Theorem 6.0.2). Also assume that H is endowed with a norm: px(0,6") = ||60—0'||%,
and that pu, = pg, for some 6, in the interior of H. Recall the following assumption, stated in a more general

form than what we require here.

Assumption 2.4. For all ¢ > 0, there exists 6 > 0 such that

e W 5.
067—[:;;5%0,0*)25 p(’u*’ MG) > P(M*a /J/G*) +

Definition 2.2. Suppose the sequence  x R 3 (w,t) — X,(w,t) and Q@ x R 3 (w,t) = X(w,t) are
stochastic processes with almost all their sample paths in L;(R). Then X,, converges weakly to X in L;(R)
if Ef(X,) = Ef(X) as n — oo for all bounded continuous functions f : Li(R) — R.

Definition 2.3. The stochastic process @ xR 3 (w,t) — G, (w,t) is a p-Brownian bridge if it is a zero mean
Gaussian process with covariance function EG,(s)G,(t) = min{F),(s), F,,(t)} — F.(s)F.(t).

Theorem 2.5 (Theorem 2.1a in del Barrio et al. (1999)). Let Y = (Yi)iez ~ ps$°, and define Fy(w,t) =
fn(w)(—00,t] and Fy(t) = ps(—o0,t]. The stochastic process /n(F, — F}) converges weakly in L1(R) to Gy,
where G 1s a ji-Brownian bridge, if and only if fooo VP(|Yp] > t)dt < co.

For a stationary sequence, let &; = sup,cp E[P(Y; < u|F° ) — P(Y; < u)|. Note that for stationary

sequences, G-mixing is weaker than a-mixing (defined in Section 2.6).

Theorem 2.6 (Proposition 3.5 in Dede (2009)). Suppose Y = (Y;)iez is ergodic and stationary, and that

> % /Ooo min{v/a, \/P(|Yo| > t)}dt < co.

E>1



Then /n(F, — F.) converges weakly in Li(R) to a zero mean Gaussian process G, with sample paths in
L1 (R) and covariance satisfying: for every f,g € Loo(R),

Ef(G.)g(G.) = / £(5)g(u)C (s, u)dsdu,

R2

where
C(s,u) = > {P(Xo < 5,X; < u) — Fo(s)Fu(u)} .
tez
Remark 2.1. Dede (2009) also provides other conditions, e.g. on ¢-mixing coefficients, for which the conver-

gence above holds.

The following results contain Theorem 5.3 of the main text as a special case.

Theorem 2.7. Suppose pi,. = pg, for some 8, in the interior of H, and that either the conditions of Theorem
2.5 or Theorem 2.6 are satisfied. Suppose that there exists a non-singular D, € (L1(R))% such that

/IFe + (1) = (0 = 0., Du(t))]dt = o([|0 = O4]1),

as ||0 — 0,|li — 0. Under Assumptions 2.1-2./, the goodness-of-fit statistic satisfies
inf fin, = inf [ |Gy(t) — (u, Di(t))|dt,
Vit jof 20 (o) = it [ G.(6) = (0. D1 (1)

as n — 0o, where G, is given as in Theorem 2.5 or Theorem 2.6 respectively.

Theorem 2.8. Suppose that the conditions in Theorem 2.7 hold. Suppose also that the random map H >
U [o|Gu(t) = (u, Di(t))|dt has an almost surely unique infimum. Then the MWE of order 1 satisfies

Vn(0,, — 0,) = argmin /|G D, (t))|dt,

ueEH
as n — 0o, where G, is given as in Theorem 2.5 or Theorem 2.0.

Proof. The proofs of these two results follow the steps outlined in Pollard (1980)’s Theorem 4.2 and 7.2
respectively, which also generalize to the setting where the map H 3> u — [,|G(t) — (u, D.(t))|dt does not
necessarily have a unique minimum. The delta methods employed therein hold for the 1-Wasserstein distance
after noticing that the representation in Theorem 6.0.2 of Ambrosio et al. (2005) embeds the 1-Wasserstein
space isometrically in L;(R) under its canonical norm. Moreover, the well-separation of 6, provided by
Assumption 2.4, the consistency and measurability of the MWE proved earlier, and Theorems 2.5 and 2.6
proved in del Barrio et al. (1999) and Dede (2009) respectively, guarantee that Pollard’s conditions are
satisfied. Take note that the measurability concerns outlined in his Section 3 do not apply to here, as
L1(R) is separable. Now, with only minor changes in notation (most importantly, apply Pollard’s steps to
Fy=F)—F,and F,, = F, — F,), the proof follows.

O

The differentiability condition can sometimes be established from more familiar concepts of differentia-
bility, such as differentiability in quadratic mean (Le Cam, 1970). The following proposition gives such a

result. Suppose that the model family is absolutely continuous with respect to the Lebesgue measure A on



R, and denote the density dug/dX of ug by fo. Let &o(y) = v/ fo(y) for all y € R. Le Cam (1970) introduced
the concept of differentiability in quadratic mean, which we define below.

Definition 2.4. The model M is differentiable in quadratic mean at 6, if there exists &y, € (Ly(R))% and
Ry, € (L2(R))% such that & = &, + (6 — 64, &) + Ro—o,, where [[; R o (y)dy]'/* = o([|6 — 6,[) as
16 = Oxll2 — 0.

Differentiability in quadratic mean holds for many classical models, such as exponential families and
many location-scale families (see e.g. Section 12.2 in Lehmann and Romano (2005)).

Proposition 2.2. Suppose that the model family is supported on a set S C R of bounded Lebesgue measure,
and that it is differentiable in quadratic mean at 0,. Let D,(t) = ftoo 269, (y)€o. (y)dy for t € S and zero

elsewhere. Then [o|Fy(t) — Fi(t) — (0 — 0., D (t))|dt = o([|0 — 0.4]1%), as ||0 — O, ||z — 0.

Proof.

/R Fo(t) — Fu(t) — (0 — 0., Do (1))t

).

< [ 16800~ 6.0 ~ 260,00 = 6o, () e

[ €3(y) — €. (y) — 260, (1) (60 — 0. €. (v))dy| di

< C/R<9 — 00, 80,()* + Ro_g, (y) + 2|60, (y) Ro—o. (y)| + 2/(0 — 04, &6, (4)) Ro—o. (v)|dy

= o([[0 = 0u[l);

where c is some constant and the last equality follows by applying the Cauchy-Schwarz inequality to the two
last terms of the integrand. O

2.3 MEWE
In order to show similar results for the MEWE, we introduce the following assumptions.

Assumption 2.5. For any m > 1, if py(6,,0) — 0, then ME;T) = u(gm).

Assumption 2.6. If py(0,,,0) — 0, then EQ0,(uq,, , fto, n) — 0.

Assumption 2.5 is a slightly stronger version of Assumption 2.2 stating that we not only need weak

113

convergence of the “model” distributions pg, but also of the sample distributions u((,m) for any m > 1.
Assumption 2.6 is implied by supgecq; EQ0, (16, fto,n) — 0, which in turn might hold when 7 is compact and
the inequalities in Fournier and Guillin (2015) hold. In the next result, we prove an analogous version of
Theorem 2.2 for the MEWE as min{n, m} — oo. For simplicity, we write m as a function of n and require

that m(n) — oo as n — oo.

Theorem 2.9. Under Assumptions 2.1-2.3 and 2.5-2.0, there exists a set E C Q with P(E) = 1 such that,
for all w € E, infgeq B, (f1n (W), fio,m(n)) — infocr Wy (1w, o), and there exists n(w) such that, for all
n > n(w), the sets argmin geqy Wy (i (W), flo,m(n)) are non-empty and form a bounded sequence with

lim sup argmin EQ0,,(fin (W), f16,m(n)) C argmin W, (i, ).
n—o00 0cH 0cH



Proof of Theorem 2.9. As before, for any v € P(Y), lower semicontinuity of the map 6 — 20, (v, ug) follows
from Lemma 2.1, via Assumption 2.2. Since infgeq Wy (i, o) = €x, Bi(e) with the e of Assumption
2.3 is non-empty, by definition of the infimum. Moreover, since 6 — 20, (i, pg) is lower semicontinuous,
the set B,(e) is closed. By Assumption 2.3, B,(e) is therefore compact. In other words, again by lower
semicontinuity, the set argmin <y, 20, (1« (o) is non-empty.

We show that 6 — E0,(fin, fig,mmn)) epi-converges to 0 — W, (ji, ptg) P-almost surely. Let E de-
note the set of probability one from Assumption 2.1 and let w € FE. Fix K C H compact. By lower
semicontinuity of 6 ~— E, (i, (w), fig,m(n)), ensured by Lemma 2.3 and Assumption 2.5, we know that
infoerc By (fin (W), flo,m(n)) = EWp(ftn(w), fl, ,m(n)), for some sequence 6, = 0, (w) € K. Hence,

lim inf inf B, (i, (w), ﬂe,m(n))

n—oo ekl

= lim inf Emp(ﬂn (W), ﬂ@n ,m(n))

n—r oo

= klirr;o E0, (fin, (w), fig,,, ,m(ny)) 3 subsequence converging to the liminf,

= Zli)rgo EW, (fin,, (w), ﬂe"k( sm(ng,)) 3 subsequence 0y, — 6 € K by compactness,

= lm inf B, (fin,,, (W), g, m(ns,)

> lilrgglf[ﬂﬁp(ﬂnk[ (w), Ma"ke) - Eﬁﬂp(ugnké ,‘[Lgnke ;m(ny,))] Dy the triangle inequality,

> h}ggf wp(ﬂnke (w)7 /’[/enkz ) — lim sup Emp(ﬂ9nke ) ﬂ(’nkz 1m(nk5))

{— 00

> 0, (ft4, ) by ls.c., Assumptions 2.1, 2.2 and 2.6, w € E,
> inf .
> inf Wy (jus o)

Fix O C H open. By definition of the infimum, there exists a sequence 6,, € O such that 20, (1, pe,,) —
infgco Wy, (fix, f1g). Now, infoeo B, (fin (W), fig.m(n)) < EWy(fin(w), fg,, m(n))- Hence,

lim sup elg(f:) E0, (fin (W), f16,m(n))

n—oo

< limsup Em}p (ﬂn (w)7 ljemm(n))

n—oo

< lim sup [0y, (fin (w), i) + Wi (thss pr0,,) + EWp(pa,,, flg, mny)] by the triangle inequality,

n—oo

= lim sup 20, (tx, ptg,,) by Assumptions 2.1 and 2.6, w € E,

n—roo

= alg(fg W, (s, to) by definition of 6,,.

Theorem 7.29b) of Rockafellar and Wets (2009) implies that lim sup,, _, . (infgez; EQ0, (fin (W), fig,mn))) <
infgey W, (1, o) = ex. Hence, for all a@ > 0, there exists nq(w), such that n > ny(w) implies that
infoer B, (fin (W), fg,mn)) < €x + . Let a € (0,/3). The set {0 € H : EW (1 (w), flo,m(n)) < €x +€/3}
is non-empty for n > n,(w), by definition of the infimum. Let 6 belong to this set. Then, by the triangle
inequality, 2, (tx, pto) < Wy (fin(w), px) + EWp(fin (W), fig,m(n)) + EWy (16, f1o,m(n))- By Assumption 2.1,
there exists an n.(w) such that for n > n.(w), Wy (An (W), 1x) < /3. By Assumption 2.6, there exists an
f(w) such that for n > n(w), EW,(1e, figmm)) < €/3. So, if n > max{ng(w),n.(w),2(w)}, we have that
W, (s, o) < €5 +¢€. This means that {6 € H : EW,(jin (W), fig,m(n)) < €x+€/3} C Bi(e). As a consequence,
for n > max{nq (w), ne(w), i(w)}, infoer B, (fin (W), fig,m(n)) = infoe b, () EWp (fin (W), fg,m(n))-

10



By Theorem 7.31a) of Rockafellar and Wets (2009), this implies that infgey EQ0,(fin(w), fig,mmn)) —
infgey W,y (pts, o). Also, for n > max{n,(w),n.(w),"(w)} and by the same reasoning as for the map
0 > W, (fix, po), the sets argmin yeq, B, (fin (W), fig,m(n)) are non-empty. By Theorem 7.31b) of Rockafellar
and Wets (2009), the result follows. The same argument holds for &,,- argmin 54, EQ0,, (fin (W), fig,mn)) With
en — 0, since, eventually, infgey B, (fin (W), flg,m(n)) +&n < €4 + .

O

The next result considers the case where the data and n is fixed, while m — oo. It shows that the
MEWE converges to the MWE, assuming the latter exists. We summarize this condition in the following

assumption, in which the observed empirical distribution is kept fixed and ¢, = infoep Wy (fn, L6)-
Assumption 2.7. For some € > 0, the set B,(¢) = {0 € H : Wy(fin, o) < €5, + €} s bounded.

Theorem 2.10. Under Assumptions 2.2 and 2.5-2.7, infgey B0, (fin, fo,m) — infoer Wy (fin, o), and
there exists an M such that, for all m > 1, the sets argmin gcqy B0, (i, flo,m) are non-empty and form a
bounded sequence with

lim sup argmin EQD,({y,, flo,m) C argmin 20, (i, te)-
m—00 OeH 0eH

Proof of Theorem 2.10. Lower semicontinuity of the map 6 — 20,(fin, pg) follows from Lemma 2.1, via
Assumption 2.2. Since infgey Wy (fin, to) = €n, Bn(e) with the € of Assumption 2.3 is non-empty, by
definition of the infimum. Moreover, since 6 — 20, (fix, o) is lower semicontinuous, the set By (¢) is closed.
By Assumption 2.7, B,(¢) is therefore compact. In other words, again by lower semicontinuity, the set
argmin gcqy Wp (fin, fte) is non-empty.

We show that 6 — E0, (i, flo,m) epi-converges to 6 — W, (fin, fte) as m — oo. Fix K C H compact.
By lower semicontinuity of 8 — EQ0,(fin, f19.m), ensured by Lemma 2.3 and Assumption 2.5, we know that
infoer EQ, (fin, f19,m) = EQ,(fin(w), f1g,,,m), for some sequence 6,, € K. Hence,

lim inf inf BV, (fin,, g, m)

m—oo e
= lim inf B0, ({1, Lo, ,m)
m—00
= klim E20, (fin, ﬂﬁmk,mk) 3 subsequence converging to the lim inf,
—00
= lim EW,(fin, fig,, .m,, ) 3 subsequence 6,, — 6 € K by compactness,
(500 ke TR ¢
= lim inf B0, (i, ., )
> lizrgggf[ﬂnp(ﬂn, ,ugmw) - ]Emp('u"mke , ,&gmw ;my,)] by the triangle inequality,
2 lim inf 0, (i, pig,, ) — lillgri sup B, (16,0, + b, i)
> 20, (fin, pg) by Ls.c., Assumptions 2.2 and 2.6,
> inf W, (fin, po)-
= Inf 0, (fin, po)

Fix O C H open. By definition of the infimum, there exists a sequence 8,, € O such that 2, (f,, te,,) —
infoeo Why(fin, po). Now, infoco Wy (fin, flo,m) < EWp(fin, flg,,,m ). Hence,

lim sup inf EW, (fin, fo,m) < limsup BV, (i, fig,, m)

m—oo 0€0 m—o0
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< lim sup[20, (fin, to,,) + EW, (1o, , fo,,,m)] by the triangle inequality,

m—r oo

= lim sup 20, (fin, pg,,) by Assumption 2.6,

m—o0
= glg(fg 00, (t«, o) by definition of 6,,.

Theorem 7.29b) of Rockafellar and Wets (2009) implies that limsup,,_ . (infoer EQ0,(fin, fo.m)) <
infgeps Wy (fin, po) = €. Hence, for all @ > 0, there exists m,, such that for m > my, infgey; EQ, (fin, fig.m) <
en+a. Let a € (0,e/2). The set {0 € H : B, (fin, fio,m) < €n+e/2} is non-empty for m > mg, by definition
of the infimum. Let 6 belong to this set. Then, by the triangle inequality, 20, (fin, o) < EQ,(fn, fo,m) +
EQ0, (1o, f19,m). By Assumption 2.6, there exists an 7 such that for m >, EQ0,(ue, fto,m) < €/2. So, if
m > max{mg, M}, we have that 20, (u«, tg) < €,+¢. This means that {6 € H : EW,(fin, flo.m) < en+e/2} C
By (e). As a consequence, for m > max{me,m}, infocs EW,(fin, fio,m) = infoep, (o) EWp (fin, flo,m)-

By Theorem 7.31a) of Rockafellar and Wets (2009), we know that infgey ED, (i, fto.m) — infoer Wy (fin, 1to)
as m — oo. Also, for m > max{mg, M} and by the same reasoning as for the map 6 — 20, (fi,, tt9), the sets
argmin gcqy B0, (fin, flo,m) are non-empty. By Theorem 7.31b) of Rockafellar and Wets (2009), the result
follows. O

Theorem 2.11 (Measurability of the MEWE). Suppose that H is a o-compact Borel measurable subset of
R% . Under Assumption 2.5, for anyn > 1 and m > 1 and € > 0, there exists a Borel measurable function

A~

On,m + & — H that satisfies

é (UJ) Lrgnlin 0eH Emp(ﬂn(w)a ﬂ@,m), Zf this set is non—empty,
n,m €
- rngiIl 0cH Egnp(ﬂn(w), ,Uerym), otherwise.

Proof. The proof is identical to that of Theorem 2.3, applying Lemma 2.3 instead of 2.1. O

2.4 WABC posterior
2.4.1 Behavior as ¢ — 0 for fixed observations

The following result establishes some conditions under which a non-negative measure of discrepancy between
data sets ® yields an ABC posterior that converges to the true posterior as € — 0, while the observations
are kept fixed.

Proposition 2.3. Assume that the posterior distribution is well-defined, and suppose that uén) has a con-

tinuous density fén), satisfying

sup 9(") (yl:n) < o0.
Y1.n €Y™,0€H

Suppose also that ® is continuous in the sense that, for any yi.m, D(Y1m, 21:m) — D(Y1:n, T1.n) whenever

21 — T1., component-wise in the ground metric p. Suppose that either

1. fén) is n-exchangeable, such that fén)(ylzn) = fé") (Yo(1:n)) Jor any o € Sy, and D(Y1.n, 21:0) = 0 if
and only if 21.n, = Yo(1:n) for some o € S, or

2. :D(yl:’ruzl:n) =0 Zf and Only Zf Z1:n = Yl:n-

Then, keeping y1., fized, the ABC posterior converges strongly to the posterior as € — 0.
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Proof of Proposition 2.3. We follow a similar approach to that in Proposition 1 of Rubio and Johansen
(2013). Fix y1., and let ¢°(6) denote the normalized quasi-likelihood induced by the ABC procedure, i.e.

n)
fyn 1 (g(ylmn Zl:n) S 6) fe( (Zl:n)dzlzn (n)
qe = = K* Yiin, Z1:n) f, 21:n)d21:im,
( ) fyn]]'(g(yllnﬂzi:n) SE) dZ/ln yn ( ' ' ) o ( ! ) '

where K°(y1.n, 21.n) denotes the density of the uniform distribution on {z1., : D (y1.n, 21.n) < €}, evaluated
at some z1.,. Note that the sets A° = {z1., : D (Y1.n, 21:n) < €} are compact, due to the continuity of D.

Now,

qa(e) _fe(n)(yln) S . Ke(yl:nazl:n) fe(n)(zln) _fa(n)(yln> dzl:n
- (M) y_ )
>~ sup fg (zl:n) f0 (yl:n>
21:n EAS,0EH
5" () = 15" (g1:0)

for some z5.,, € A°, where the second inequality holds since fyn K¢(y1.n, 21.n)d21.n, = 1, and the last equality
holds by compactness of A° and continuity of fe(n). Since 2., € A%, lim._,( 25.,, € N.eg+A®. Under condition
I, Nee@t A% = {Yo(1:n) : 0 € Sp}, by continuity of ©. Similarly, under condition 2, N.cq+A® = {y1.n}. In
both cases, taking the limit ¢ — 0 yields |¢°(0) — ( )(yl n)| — 0, due to the continuity of fe(") (and
n-exchangeability under condition 1).

Since sup,,  cyn gen fén)(yl n) < M for some 0 < M < oo, then SuPy1;7Ley",eeH q°(0) < M also, for any
e. By the bounded convergence theorem, [, 7(df)q*(0) — [, w(df) fe )(y1.n) as € — 0. Hence

nmﬁow(dm 0)  _ 7(dd) " Yrn)
limeso o, 7 (d0) ¢*(9) [, 7 (d9) £ (y1n)

lim 7€ (df|y1.,) =
e—0

which is the true posterior distribution. O

2.4.2 Concentration as n increases and ¢ decreases

Recall the assumptions made in the main text:
Assumption 2.8. The data-generating process is such that 2y, (fin, tx) — 0, in P-probability, as n — co.

Assumption 2.9. For any ¢ > 0, Mgn)(wp(%ﬂ@,n) > ¢) < ¢(0)fn(e), where fn(e) is a sequence of
functions that are strictly decreasing in € for fized n and f,(e) — 0 for fized € as n — oo. The function
c:H — RT is w-integrable, and satisfies c(0) < cq for some cqg > 0, for all 0 such that, for some &g > 0,
an(/i*a fo) < o + €x.

Assumption 2.10. There exist L > 0 and c¢; > 0 such that, for all ¢ small enough,
({0 € H Wy (pw, o) < e+e}) > et

Theorem 2.12. Under Assumptions 2.8-2.10, consider a sequence (€,)n>0 such that, as n — 0o, &, — 0,
frlen) = 0, and P(Wp(fin, ) < €n) — 1. Then, the WABC posterior with threshold €, + ¢, satisfies, for
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some 0 < C' < oo and any 0 < R < oo,

= Q

7ot ({0 € H e Wy (phes o) > €4 +4en/3+ 7 (EE/R)} [y1n) <

)

with P-probability going to 1 as n — oo.

Proof of Theorem 2.12. We first look at the WABC posterior probability of the sets {0 € H : 20, (tix, o) >
0}. Note that, using Bayes’ formula, for all £,6 > 0,

]P)G(wp(ﬂ*uﬂﬂ) > 67 wp(lan7ﬂ0,n) < 5+5*)

7T8+E* (an(/‘j’*vue) > 6|y1n) = Pa(wp(,an ﬂe n) < €+€*)

)

(n)

where Py denotes the distribution of # ~ 7 and of the synthetic data z1., ~ ", keeping the observed

data y;., and hence fi,, fixed. We aim to upper bound this expression, and proceed by upper bounding the
numerator and lower bounding the denominator.
By the triangle inequality,

mp(ﬂ*vlfﬂ) < m]p(lj'*a ﬂn) + mp(ﬂnvﬂ@,n) + Qﬂp(ﬂ@,naﬂ@)-
On the events {20, (1., o) > 9, Wy (fin, flo.n) < € + €4}, we have
0 < wp(ﬂmﬂ@) < mp(/’[’*a /:Ln) + Qﬂp(ﬂ@,mMQ) +e+en.
Let A(n,e) = {y1:n : Wy (fin, ptv) < €/3}. Assuming yi., € A(n,e) implies that
R 4e
0 < Qﬁp(uevn,ug) + — + &

3

Using this to bound the numerator, we get by a simple reparametrization that for any ¢ > 0,

Py (W, (fig,ns f19) > )
(W (s 10) > 42/3 4 €4 + C[yrin) < —

The remainder of the proof follows from further bounding this fraction using the assumptions we made
on the convergence rate of empirical measures in the Wasserstein distance. Focusing first on the numerator,

for any ¢ > 0 we have by Assumption 2.9 that

Bo(2, (igns pi0) > ) = L WS, (10, fi0.0) > C)e(d8)
< / e(0) £ (Q)(dB) < 1 £ (),
H

for some constant ¢; < +o00. For the denominator,

Py (W, (fn, fon) < & +e4) = /H 1S (W, (fin, fion) < € + £,)m(d6)

Y

/ M((;n) (W (fin, fton) < €+ ex)m(df) (by non-negativity of integrand)
W, (11, p00) <23+,

/ 15" (2 (1. 16) + W (fin, 1) + Wy (g fio,n) < €+ e.)(d6)
Wy (fxst0) <€/3+ex

v
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(by the triangle inequality)

>

/ 1 (0, (. o ) < £/3)m(d6)
mp(ﬂ*:l»be)gf/?”rf*

(since Wy, (s, o) < /3 + 4 and Wy, (fin, py) < €/3)

= w(Wy (o) < /3 20) — [ " (B (1o, 10.0) > /3)m(d6)
W (pr100) < /3+ex

> (W (s o) < €/34€4) — / c(0) fn(e/3)m(d0) (by Assumption 2.9).
W (ks ;o) <e/3+es

We now make more specific choices for € and ¢, starting with assuming that €/3 < §g, such that ¢(8) < ¢
for some constant ¢y > 0 in the last integrand above, by Assumption 2.9. The last line above is then greater
than or equal to (W, (px, o) < €/3 + €x) (1 — cofn(e/3)) . Replacing ¢ with €, such that f,(,/3) — 0
implies that cgfy,(e,/3) < 1/2 for sufficiently large n. Hence,

W(Qﬂp(,umﬂe) < <€n/?’ + 5*) > cﬂaﬁ,

DN =

T, (e, 10) < £0/3+ ) (1= cofulen/3))

for sufficiently large n, by Assumption 2.10. We can summarize the bounds derived above as follows,
mentes (an(/i*; po) > 4en/3 + s + (Y1) < Cfn(Og;L’

where C' = ¢1 /¢y
Set some R > 0 and note that for any n > 1, because the function f, is strictly decreasing under As-
sumption 2.9, £, 1(eL/R) is well-defined in the sense that f, ! is defined at L' /R. Choosing ¢,, = f,; (L /R)

leads to o
Tt (W (1 p0) > den /34 ext fi e/ B)lyrn) < 3
Since we assumed that P ({w : y1.,(w) € A(n,e,)) = 1 asn — oo, the statement above holds with probability

going to one. O

Assumption 2.11. There exist K > 0, a > 0 and an open neighborhood U C H of 0, such that, for all
0elU,
pr(0,04) < K(Wy (1o, f1x) — £:)

Corollary 2.1. Under Assumptions 2.4 and 2.8-2.11, consider a sequence (£,)n>0 such that, as n — oo,
en =0, fulen) = 0, fil(el) — 0 and P2, (fin, 1) < €n) — 1. Then the WABC posterior with threshold
€n + €4 satisfies, for some 0 < C' < o0 and any 0 < R < oo,

nor e ({0 € H o py(0,0.) > K(den /3 + f (€5 /R)™} [y1m) <

= Q

with P-probability going to 1.

Proof of Corollary 2.1. Let 6 > 0 be such that {0 € H : py(0,0,) < §} C U, where U is the set in Assumption
2.11. By Assumption 2.4, there exists a ¢’ > 0 such that py(60,60,) > ¢ implies W, (1o, pts) — €5 > 8.
Let n be large enough such that 4e, /3 + f; (L /R) < &', which implies {# € H : W,(us, po) — e+ <
den/3+ f 7 (eE/R)} C U.
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From Theorem 2.12, we know that

B c
e Te (Qﬁp(ﬂ*,ﬂe) —ex <den/3+ f, 1(€£/R)|y1:") >1- R’

with probability going to one. Applying the inequality in Assumption 2.11 gives

c
T (pn(0,0,) < K(4en/3+ £ (el /R) ly1n) > 1 — 7

with probability going to one. O

2.5 Explicit rates of WABC concentration

In this section, we elaborate on the details of how we derive explicit rates of concentration of the WABC
posterior for certain models.

2.5.1 Well-specified location model, i.i.d data

Suppose the distributions ug on Y have densities such that fy(y) = fo(y —0) for all y € Y and 6 € H =
Y = R%. Let p(z,y) = pu(z,y) = ||z — y|| be the Euclidean distance. Then, using the definition of the
Wasserstein distance, the convexity of the function z — || + 8 — 6,]|P, and Jensen’s inequality, one gets
|60 —6.|] < 20,(uo, o, ) for all p > 1. Therefore, with K =1 and o = 1, Assumption 2.11 holds. For location
models, the rate of convergence of fig ,, to fg is the same for all 6, so that we can indeed take C'(6) and ¢(9)
to be constants. The assumption £ ~(ug) < oo for some § > p and v > 0 is, for instance, satisfied in the
Normal case. Note also that

Wyiope) = _int [ o ylPdrtay)
YE (nosko,) Jyxy

in / 1042 — (0, + 9)[[Pdy(z,y) < 10— 6.7
YET (kos10) Jyxy

where the inequality is obtained by considering the maximal coupling between pg and po. Combined with
the reverse inequality obtained via Jensen, we have 20, (10, ptg, ) = ||@ — 64| for all p > 1. This formula shows
that Assumption 2.4 is satisfied.

To satisfy Assumption 2.10, we need to lower-bound the prior mass of balls {# € H : ||§ — 0, < €}
These have a volume ve? for some v > 0 independent of ¢, thus the assumption holds with L = d, for any

prior with strictly positive density on H =) = R%.

2.5.2 Misspecified location model, i.i.d. data

Consider a misspecified location model, in which € denotes the mean of g and 6, the mean of u,. Assume
that both &5 (o) < oo and Es ~(s) < oo, and let p = 2. Let &, = c.(log(n)/n)'/* for some constant c.,
where k = 2p if p > d,/2 and k = d, if p < d,,;/2. In the case p = 2, Bickel and Freedman (1981) showed
that 203 (ue, ) = [0 — 0x || + W3 (1o, n2) = |60 — 0,]|* + €2, where p refers to u, centered at zero. This
formula shows that Assumption 2.4 holds. Now,

K(Wa(po, ps) — €4))* = KV |0 = 0. + 3 — e.)"
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10— 0.0 10— 0.1*" 2 o2
> K - for [|6 — 6,]| <
> { PR BBl oo -0 <52
10 — 61 16 — 6.1\ " 2 2
> — — <
> K{ 5. 1 12 (for ||6 — O04|° < 4e3)

Y

a2\
K (”9 — ) (for [0 — 0, < 2¢2),

where the first inequality uses the fact that va2 + b2 —a > % - Sb% whenever 0 < b2 < 8a?. Hence,
Assumption 2.11 is satisfied with a = 1/2 and K = 2,/¢,, leading to concentration rates that are the square
root of those derived for the well-specified case. As illustrated in the main text, this is not simply due to

the lack of sharpness in the above approximation.

2.5.3 Dependent data: AR(1)

As described in Fournier and Guillin (2015), deviation inequalities for the convergence of the empirical
distribution in the Wasserstein sense have also been derived for certain classes of dependent data. Their
inequalities are in the form of moment inequalities, which we convert to concentration inequalities via
Markov’s inequality. This does not yield sharp bounds, and is one reason for why the rates found for this
example will be slower than those obtained for i.i.d. data.

A stationary stochastic process Y = (¥;):cz with marginal distribution p is p-mixing with mixing coeffi-
cients p; for t > 0 if p; — 0 and for all f,g € La(p) and 4,5 > 1 we have

Cov(f(¥), 9(Y7)) < pjazgiy/ Var(f (X:)) Var(g(X;).

From the proof of Theorem 14 of Fournier and Guillin (2015) together with Markov’s inequality, it can be

seen that a p-mixing process with marginal distribution u, and s = Z;}io pr < oo satisfies

1

P, (pax, fin) > €) < c(s,p, 4, dy)M(f/q(M*)fn(g) = c(s, p, q7dy)M5/q(H)W’
n s 4y Yy

where v, = v, (p,q,dy) — 00 at a rate depending of p, ¢ and dy, ¢(s,p, ¢,d,) is function depending on s, p, ¢
and dy, and My(p) = [y, ||2z[?dp().
We now focus on the autoregressive model in Examples 4.1 and 4.3 of the main text. Recall that we

defined the delay reconstructed time series §; = (y¢, y¢—1) for ¢ > 2, which can be written

~ - ¢ 0 ~ 1 0 oWy
yt+l<1 O>yt+<0 0><Vt>,

where 14 is an independent Gaussian noise process. Expressed in this way, the process g; satisfies the
definition of an ARMA process given in Pham and Tran (1985). Their Theorem 3.1 can then be shown to
hold, with the conclusion that ; satisfies the weaker notion of a-mixing, with coefficients oy = O(|¢[") (for a
definition, see e.g. Bradley et al., 2005). However, Kolmogorov and Rozanov (1960) show in their Theorem 2
that stationary Gaussian processes that are a-mixing are also p-mixing, with coeflicients satisfying p; < 2may,
implying that also p; = O(|¢]").

In particular, note that s < 1/(1—|¢|) and d,, = 2. Restricting H to be the compact set {§ = (¢,0) : 0 €
[—14 01,1 —61] x [02, M]}, for some small d;,02 > 0 and some large M < oo, implies that both ¢(s,p, ¢, dy)
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and M} / ?(1g) are bounded functions of 6. Letting p = 2 and ¢ > 4, the concentration property can then be

written, for all 6 € H,
n=1/2 4 p—(a=2)/2 n—1/2

P(Qn?(/'(‘97ﬂ9,n) > E) <c o2 <2c 22 )

for some constant ¢ > 0. Letting ¢, = ccn™ /(L4 and doing the same calculation of f; (e /R) and f,(e,,)
as in the earlier examples, we can verify the conditions of Theorem 2.12.

We now look for a value of o such that Assumption 2.11 is satisfied. Let X be the covariance of (y, y1—1)

B o? 1 ¢
E’1—¢2 <¢ 1)’

and define ¥, analogously for some 0, = (¢,,0,) in the interior of 7. Then

from Example 4.3 of the main text,

2
W3 (1o, po, ) = tr(X + B, — 2(228,02H)12) = HEUZ -

Frob ’

where ||-|| g, denotes the Frobenius matrix norm, the first equality follows from the closed form 2-Wasserstein
distance between two multivariate Normal distributions, and the second follows because 3,3 = XX,. This

formula shows that Assumption 2.4 holds. By Cholesky decomposition,

2
2

S I N DT
Frob_ HW (0 W) m <0 m) Frob
2 2
B o B Ox op _ T Px o — o.)2
_<¢1—¢2 ¢1—¢>2> +<¢1—¢2 %1—¢3> rlome
2

0'(]5 _ J*¢* o—o 2

><¢1¢2 w—asz) o)

=(m- 77*)2 + (0 — O'*)Za

H21/2 _21/2

where n = 0¢/4/1 — ¢2. Note that the reparametrization (¢, o) — (1, c) is one-to-one. Choosing px (0, 6,) =
V(1 =102 + (0 — 04)? yields py(0,0,) < Wa (g, pg, ). Therefore, Assumption 2.11 holds with K = 1 and
o = 1. Using Corollary 2.1, we obtain a concentration rate of n=%/2L+4) 4 is compact also in the py

distance, and with a uniform prior on (7,0) it follows that L = 2. We can therefore only bound the

concentration rate by n=/8,

2.6 Some results for checking assumptions

The following proposition gives three data-generating mechanisms for which 20, (fin, i) — 0 P-almost surely,
which is Assumption 2.1. The three conditions worked with here are mainly chosen for illustrative purposes,

and are by no means exhaustive. We first definitions of properties used in the conditions.

Definition 2.5. The stochastic process Y = (Y;)iez is stationary if for any k& € N and 7,¢1,...t; € Z we
have that (Yy,,...,Ys,) ~ (Y470, Yiptr)-

Definition 2.6. The map T : Q — Q is P-measure preserving if P(T~1(A)) = P(A) for all A € F.

Definition 2.7. The map T : 2 — 2 is P-ergodic if it is P-measure preserving, and such that for all A € F

18



with T71(A) = A we have that P(A) = 0 or P(A) = 1. The stochastic process Y = (Y;)sez is ergodic if it

can be represented by Y; = Yy o T for some ergodic T and some random variable Yj.

Definition 2.8. The stochastic process Y = (Y}):cz is a-mixing with mixing coefficients

Qy = sup sup |P(AN B) —P(A)P(B)|,

keZ AeFk _,BeFy,

if ay — 0 as t — oo, where F* = (Y; :i < k) and F° = o(Y; 1 i > k).
Proposition 2.4. Suppose Y = (Y3)iez is a stochastic process such that either
1. Y ~ pus°, for some p, € Pp(Y), i.e. the observations are i.i.d, or

2. (Yi)tez is ergodic and stationary, represented by Y; = Yy o T*, where Yy ~ p, € Pp(Y) and T is an

ergodic, measure preserving map, or

3. (Yi)tez is a—mixing with mizing coefficients oy such that Zfil a:_l/% < 00, with Yy ~ p; such that

pe converges weakly to i, in Pp(Y) and satisfies sup, E||Y;[|5, < oo for some 1 < max(r,p) < ¢ < 2r
(where it is assumed p(x,y) = ||z — y||ly for simplicity).

Then there exists a set E € F with P(E) = 1 such that, for allw € E, 20, (fin(w), ps) — 0.

Proof. Under condition 1., Theorem 3 in Varadarajan (1958a) establishes that there exists a set F; with
P(E;) = 1 such that for all w € Ey, fi,,(w) converges weakly to u,. By the strong law of large numbers, there
exist a set Ey with P(E;) =1 and an x¢ € X such that [, p(z, o) dfin(w)(z) — [, p(z,20)Pdp.(x) for all
w € Ey. Then, in light of Theorem 2.1, the claim holds on £ = E; N Es.

Consider condition 2. By Varadarajan (1958Db), there exists a fixed countable set C* of continuous and
bounded functions on Y, such that for any sequence of measures u, on ), u, converges weakly to p if
and only if [ fdu, — [ fdu for all f € C*. Fix f € C*. We know that f oY is measurable and that
E|f oYy| < oo since f is bounded, so by Birkhofl’s ergodic theorem there exists a set Ey such that P(Ey) =1

and

. 1 & 1 & .
[ dinter = 332 = 130 0¥ ) = [ g

for all w € Ey. Moreover, since p, € P,(Y) we know fy p(y,y0)Pdus(y) < oo and that there exists a set Ej
with P(FEy) = 1 such that

/ Py, 50)Pdfin (1) () — / p(y,90) i (4),

for all w € Ey. Since C* is countable we know that P(Nyec+ Ef N Ey) = 1. In other words, this means that
W, (fin (W), py) = 0 for all w € E = NyecxEy N Ey.

Under condition 3., we first note that since (Y3):cz is a—mixing, then so is (f o Y;):ez for any measurable

f, with mixing coefficients bounded above by a; since o(f(Y;) : ¢ < k) C o(Y; : i < k). Also, since p
converges weakly to i, in P,()) we have that for all f € C*,

1 n
o> [ s [ gan,
M=y y
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and
1 n
o> [ i)~ [ i)
=1 7Y y

By Hansen (1991) Corollary 4, we know that for all f € C* we have that the zero-mean, a-mixing sequence
f(Y2) = [}, fdpe satisfies

1 n
o Z {f(Yt) - / fdut} — 0 P-almost surely.
y

t=1
Similarly,
1N P P
S5~ [ () } 0 almost surly
t=1

Together this gives us that

1 n
/ fdfin = => " f(Yy) = / fdu, P-almost surely.
Y ni 4 Y

and

A IRS
[ W) = L3IV [ Il ) Palmost suely
t=1

Then, again by the countability of C*, we can conclude that 20, (fin(w), i) — 0 for all w in a set £ defined
analogously to the one for the second set of conditions. O

Proposition 2.5. Suppose either of the conditions of Lemma 2.1 holds. Suppose there exists a proper,
connected and compact subset S C H with positive Lebesgue measure such that infycyps Wy (ps, pro) >
infgey W, (1«, o). Then there exists a 0, attaining the infimum of 6 — 0,1y, o). If 0, is unique, then it

is well-separated.

Proof. Since 6 — 20, (., f10) is continuous/lower semicontinuous, it attains a minimum 6, on S. This is also
the global minimum by the assumption on S. If 8, is unique, it is well-separated in the sense of Assumption
2.4, for all € > 0, there exists § > 0 such that

nf B W 5.
96%:;13%979*)25 p (ks o) > Wy (s po, ) +

Indeed, let ¢ > 0, and consider {# € H : py(0,0,) > e}. Either the set is contained in H \ S, and
thus well-separation follows, or, {8 € H : pyu(0,0,) > ¢} NS is not empty. Then we show that it is
compact. Since S is compact, there exists £ > ¢ such that S € {0 € H : py(0,0,) < &}. Therefore
{0 € H:pu(0,0,) >ctnNS ={0e€H:2>pu0,0,) >c}nNS. Now {0 € H:& > py(0,6,) > e} is
compact. An intersection of compact sets is compact. Therefore, § — 20, (i, pto) being continuous/lower
semicontinuous, an infimum is attained on {6 € H : pu(0,0,) > ¢} NS, and by uniqueness of 6,, well-

separation follows. O

3 ABC with other transport distances

In this section we establish a version of Theorem 5.4 of the main text that holds for the ABC posterior based

on the Hilbert distance (Theorem 3.1) as well as a version of this result that holds for the ABC posterior
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based on the swapping distance (Corollary 3.1).

3.1 Notation and assumptions

Let H : [0,1] — [0,1]% be the Hilbert space-filling curve such that H(0) = 0 € R%. Although we refer to H
as the Hilbert curve in what follows, there exist in fact several Hilbert curves. We recall that the mapping H is
Hélder continuous: there exists a constant Cy, < oo such that p(H(z), H(y)) < Cq,|z—y|"/%, Vz,y € [0,1].
In what follows, let &€ = C'd_yledy. The mapping H is also surjective, which implies that H admits a Borel
measurable pseudo-inverse h : [0,1]% — [0,1] such that H(h(x)) = x for all z € [0,1]% (Gerber et al., 2017,
Proposition 2).

Below we denote by u the image of probability measure p € P((0,1)%) by h and by Py(Y) C P(Y)
the set of probability measures on ) that admit a continuous and bounded density w.r.t. Aq,, the Lebesgue
measure on R%. Henceforth, we fix p > 1 and a metric p on (0,1)% and denote by 207 the p-Wasserstein
distance on P(R) obtained for p(x,y) = |z — y|.

To simplify the presentation, the results presented below assume that the model is well-specified and the
following assumptions are considered.

Assumption 3.1. The model M = {pg : 6 € H} is well-specified; that is, there exists a 0, € H such that
to, = tx. In addition, M C Pp(Y) NPp(Y).

Assumption 3.2. Foranye > 0, uén) (W, (1o, fton) > €) < c(0) fn(e), where (fn)n>1 is a sequence of strictly
decreasing functions and such that f,(g) — 0 as n — oo, and the function ¢ : H — RT is m-integrable.

Assumption 3.3. For any ¢ > 0, ué") (W5 (ngy, iy ) > €) < &(0)fn(e), where (fn)n>1 is a sequence of
strictly decreasing functions such that fn(sn) — 0 for any sequence (€n)n>1 that converges to 0 sufficiently
slowly as n — oo. The function ¢ : H — R satisfies ¢(0) < ¢y for some ¢o > 0, for all 6 such that, for some
0o > 0, 2 (ul, puly) < B.

Note that Assumption 3.3 tends to hold under weaker conditions than the analogous Assumption 3.2,
since pf and p” are distributions on the bounded interval [0,1]. The moment conditions in Fournier and
Guillin (2015) are therefore satisfied. For instance, in the case of i.i.d. data, Assumption 3.3 is automatically
satisfied by their Theorem 1 and Markov’s inequality. However, it may be that other functions f, and &

exist to give sharper bounds.
Assumption 3.4. The function r(e) :=n ({6 € H : 205 (u, ufy) < €}) satisfies r(e) > 0 for any £ > 0.

In Section 3.4, we illustrate that this assumption holds under relatively weak conditions.

3.2 Hilbert distance ABC

We denote below by W%p the ABC posterior based on the Hilbert distance $),; that is,

7 (40) Jy 15" (A1) L (S (fims o) <€)
Sy (@9) fy 1§21 )E (s 15,,)) < )

77.%? (dOly1:n) =

Before stating the consistency result (Theorem 3.1) we first show that §), defines a distance between

empirical distributions of the same size.
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Proposition 3.1. For any integer n > 1 and real number p > 1, ), defines a distance on the space of

empirical distributions of size n.

Proof of Proposition 3.1. Let 1., y1.n and z1., be three vectors in Y™ and denote by 4, 4¥ and i7 the

corresponding empirical distributions of size n. Since p is a metric on ),

~NT ANZ N2 NT

ﬁp(ﬂn7ﬂn) 2 07 ﬁp(/jz7ﬂ7z1) = ﬁp(/‘n?/‘n)

and 9, (47, 47) = 0 if and only if 47 = 4Z. To conclude the proof it therefore remains to show that

Dp (i, i) < 9p (i i) + Hp (03, i)

To this end, we define

Pxy = (p(xaz(lﬁyay(l))a s ap(xaw(n)aya’y(n)))7 Prz = (p(zar(l)v Zaz(l))7 s 7p(x0'm(n)7zaz(n)))
Pyz = (p(yay(l)a Zaz(l))7 o 7p(yo'y(n)7 Zaz(n)))

and denote by || - ||, the Ly-norm on R™. Then,

~T NZ

(%, 7)) =17 pez
< n_l/p”P:rpr + n_l/p”sz - PIpr

n 1/p
= (A%, %) +n /P (Z (%o, (i) Z0.5) = P(To(i)s Yoy (1)) !p>

i=1

n

1/p
< H,(A%, p) +n~ P (Z P (Yo (i) Zazu))p)

i=1

= bp(ﬂfm lag) + ﬁp(ﬂqyﬂ ﬂfm )
where the first inequality uses the triangle inequality, and the last uses the reverse triangle inequality. [

Theorem 3.1. Let Y = (0, 1)dy, hy =h, and 1 <p <d,. Under Assumptions 5.1-3.4, consider a sequence
(En)n>0 such that, as n — oo, €, — 0, fn(én) — 0, and f,(g,) = 0. Then, the ABC posterior based on the
Hilbert distance with threshold e, satisfies, for some 0 < C' < 0o and any 0 < R < oo,

m ({0 € H W, (ua, p19) > den/3 + £ (r(E0/3)/R)} Y1) < %,

with P-probability going to 1 as n — oo.

Proof. We first look at the ABC posterior probability of the set {6 € H : 20, (p«, o) > 0}. Note that, using
Bayes’ formula, for all £, > 0,

]PJQ(QB;D(:U’MPJQ) > 63 ﬁp(ﬂﬂaﬂ@,n) < 6)
Pe(ﬁp(ﬂnaﬂ&n) S E) ’

where Py denotes the distribution of 8 ~ 7 and of the synthetic data z1., ~ ,uén)

ﬂ-%p (Qﬂp(:u*hue) > 5|y1n) -

, keeping the observed data
Yin and hence ﬂn fixed.
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We first study the numerator. Using the fact that for any 6 € H,
Wy (Ao 10.0) < Fp(fims o), 1y -almost surely
it follows that
Po (W, (s, 116) > 0y Hp(fin, flon) < €) < Po(Wy (1, p16) > 8, Wy (fins fig,n) < €),

where, under Assumption 3.2, the right-hand side is bounded as in the proof of Theorem 2.12. Hence, for
any ¢ > 0 and

Y1 € A(n,e) := {yin : 20, (n_l znzéy;,u*> < 6/3},

=1

we have

ﬂ-%p (wp(ﬂ*vue) > 46/3+C|y1n) < len(g)

< Bo(y(on, iom) <) @

for a constant ¢; < co and with the sequence of functions (f,,),>1 as in Assumption 3.2.
We now lower bound the denominator in (1). Let y = h(y;) and 2! = h(z;), for i € 1 : n. Then, for any
0 € H and ,uén)—almost surely,

Dpfins f10.0) < Bay (s o) (since [all, < [le]a, for any z € R and 1 < p < d,)

1/d,
dy )
Z P(Yo, (i)s Zo-(i)) > (by definition of $4, )

N 1/d,
- (i >oo(H <y€2>>,H<z€2>>)dy> (since H(h(x)) =, YV € (0,1)™)

1/d,
ny Z vy — ZZ)|> (by the Holder property of H)
1/dy
= (Cdy W (ak ﬂgn)> (by definition of 207),
so that
1

Py (9 (fin fio.n) < €) > Po(Cy 5 (A, il )/ < &) =Py (W5 (il i ,) < Cte™).

To bound the right-hand side, let € = Cd;lsdy and assume henceforth that

Y1:n € Ah(nﬂ 5) = {yin : QUT (n_l Zéh(y;ﬁﬂf) < C(;yl Edy/?)}‘ (2)
=1

Then,

Py (205 (3, i) < &) = /H WS QU3 (A, ) < 2w (d6)
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> / ,u(gn) (05 (Al ﬂg’n) < &)m(df) (by non-negativity of integrand)
T(uhuh)<e/3
> [ ") 2% sl )+ 205 Al ) + 205, ) < 2)(a0)
W} (uh,uh)<e/3
(by the triangle inequality)
> / 1§ Q0 (1, 1) < £/3)m(d6)
207 (ul ult)<E/3
(since 2} (", uly) < £/3 and Wi (i, 1) < £/3)
— (W () < £/3) - [ ) (5 i i) > £/3)m(dB)
W= (ph,plh)<E/3
=m0l ) < /) - [ 2(0) Fa(2/3)(d0)  (by Assumption 3.3),
W (uh,uh)<e/3

where the third inequality uses (2). We now make specific choices for £ (and thus &) and (, starting by
assuming that £/3 < 0y, such that &#) < & for some constant ¢ > 0 in the last integrand above, by
Assumption 3.3. The last line above is then greater than or equal to 7(20% (u, ult) < &/3)(1 — éofn(£/3)).
Replacing & with &, such that f,(&,/3) — 0 implies that & fn(£,/3) < 1/2 for sufficiently large n. Hence,

RO (il 1) < 20/3) = 57(E0/3)

N | =

T(W3 (1, 1) < En/3) (1= G0 fu(En/3)) 2
for sufficiently large n, by Assumption 3.4. Summarizing the bounds derived above, we get

Cfn(C)
T(én/?’)’

where C' = 2¢;. Set some R > 0 and assume that f,1(r(&,/3)/R) is well-defined, in the sense that f, !
is defined at r(&,/3)/R, which can be achieved by taking n large enough. Choosing ¢, = f,;(r(,/3)/R)
leads to

W?E-Z, (QUP(:U‘*?/I@) > 4€n/3 + <|y1n) S

w5 (W, 10) > A2 /3 + 17 (16 /3)/ Blyin) < = (3)

Under well-specification, P ({w : y1.,(w) € A(n,e,)) = 1 and P ({w : y1:n(w) € A"(n,&,)) — 1, as n — oo,
is implied by f,(€,/3) — 0 and fn(én /3) — 0 respectively. As a consequence, the statement in (3) holds

with probability going to one.
O

3.3 Swapping distance ABC

Let &, (fin, fo,n) be the swapping distance. Then, the result for the ABC posterior based on the this distance,
defined by
7 (d8) fyn 5" (d210) L (Splfins o) < €)

Sy (@9) fye 157 (@08 (S fins ) < 2)

7766,3 (dOly1:n) =

is given in the next corollary.

Corollary 3.1. Let Y = (0,1)%, hy =h, and 1 <p < dy. Under Assumptions 3.1-3.4, consider a sequence
(en)n>0 such that, as n — oo, £, — 0, fn(En) = 0 and fo(e,) = 0. Then, the ABC posterior based on the
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swapping distance with threshold e, satisfies, for some 0 < C < o0 and any 0 < R < oo,

= Q

o (10 € H - Wy (s p19) > den /3 + fr (r(En/3)/R)} [yrin) <

)

with P-probability going to 1 as n — oo.

Proof. The result follows from the proof of Theorem 3.1 and from the fact that, for all n > 1 and 6 € H,

wp(ﬂrm ﬂQ,n) S 6p(ﬂna ﬂ@,n) S ~6p(,ana ﬂe,n), P—a.s.

3.4 Some results for checking Assumption 3.4

The main text and the earlier discussion in this document contain remarks and references to results that are
useful for establishing Assumptions 3.1-3.3. In this section, we develop conditions under which Assumption

3.4 holds. Consider the following assumptions and technical lemmas.
Assumption 3.5. The map 0 — pg is injective.
The above assumption is made implicitly in the main text, but we state it explicitly here, for simplicity.

Assumption 3.6. For any sequence (0,)n>1 and 0 in H such that py(0r,60) — 0, we have that Wy (ue,, , o) —
0.

Lemma 3.1. Let pu € Py((0,1)%) and (un)n>1 be a sequence of probability measures on (0,1)% such that
pn = p. Then, as n — oo, W, (ul, u") — 0.

Proof. By Theorem 2.1, 23, (u”, ") — 0 if and only if (i) u? = p" and (ii) there exists a yo € (0,1) such
that f(O,l) o(y, yo)Pul (dy) — f(O,l) p(y, yo)Pp" (dy). By Gerber et al. (2017, Theorem 9), u? = p” and thus
the result follows from the fact that, for any fixed yo € (0, 1), the mapping y — p(y, yo)P is continuous and
bounded on (0, 1). O

Lemma 3.2. Let Y = (0,1)%. Under Assumption 5.5, the map 0 MQL 1s injective.

Proof. Let 6 and ¢’ be two distinct points in H. Then, under Assumption 3.5, there exists a measurable set
A C Y such that pg(A) # pe (A). To conclude the proof let T4 = h(A) and note that, since the mapping
h:(0,1)% — [0,1] is one-to-one, we have pul(I4) = pg(A) # por (A) = ph (14). O

Lemma 3.3. Let Y = (0,1)%. Under Assumptions 3.1 and 3.6, for any sequence (0,)n>1 and 0 in H such
that p3;(0,,0) — 0, we have that W, (uf , py) — 0.

Proof. The result is a direct consequence of Lemma 3.1 and Assumption 3.6. O

Lemma 3.4. Let Y = (0,1)%. Under Assumptions 5.1, 3.5 and 3.6, the mapping 0 — W, (u", uh) has a

unique minimum on H at 0 = 0,. In addition, for any € > 0 there exists a § > 0 such that

inf W, (s 1) > 6.
{067—(:;?9,9*)26} P(U*vﬂg) >
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Proof. Under Assumptions 3.5 and 3.1, there exists a unique 0, € H such that pg, = p., and thus ,ug* =l
Then, the first part of the result follows from the fact that, under Assumption 3.5, the map 0 +— ,ug is
injective by Lemma 3.2. The second part of lemma follows from Proposition 2.5, using the fact that, under
Assumptions 3.6 and 3.1, the map 6 — QU,,(;LZ, ug*) is continuous by Lemmas 2.1 and 3.3.

O

Lemma 3.5. Let Y = (0,1)%. Under Assumptions 3.1, 3.5 and 3.6, for any € > 0 the set By, () = {6 €
H - ‘,mp(ug*,,ug) < e} is compact and has strictly positive Lebesgue measure.

Proof. Under Assumptions 3.5 and 3.6, by Lemmas 2.1 and 3.3, the map 6 — Qﬁp(ug,ug*) is continuous.
Therefore, for any € > 0 the set Bg* (€) is compact since it is the pre-image of the compact set [0,¢] by the
continuous mapping 6 — 0, (uk, ug*). Lastly, for any € > 0 the set By, (¢) has strictly positive measure
since, under Assumption 3.5, the map 6 — ug is injective by Lemma 3.2. O

Proposition 3.2. LetY = (0,1)%, hy = h, and 1 < p < d,. Assume that the prior distribution 7(df) admits
a density (with respect to the Lebesgue measure) which is continuous and strictly positive on a neighborhood
of 0. Then, under Assumptions 3.1,3.5 and 3.6, Assumption 3./ holds.

Proof. By Lemma 3.5, the set By, () := {0 € H : Wi(ul,uh) < e} is compact and has strictly positive
Lebesgue measure for any ¢ > 0. In addition, because the mapping 0 ~ 207 (u”, ug) has a unique minimum
at 0 = 0, (Lemma 3.4) and is continuous (Lemma 3.3), it follows that N3, (39* (€n/3)) = {6.}. Since, by
assumption, the prior distribution m(df) admits a density (w.r.t. Lebesgue measure) which is continuous and
strictly positive on a neighborhood of 6, it follows that m ({6 € H : 207 (1", pufy) < e}) > 0 for any € > 0.

O
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